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Abstract

We consider mechanism design environments in which agents commonly know that types are
identically distributed across agents, but without assuming that the actual distribution is common
knowledge, nor that it is known to the designer (common knowledge of identicality). Under these
assumptions, we explore problems of partial and full implementation, as well as robustness. First, we
characterize the transfers which are incentive compatible under the assumption of common knowledge
of identicality, and provide necessary and sufficient conditions for partial implementation. Second, we
characterize the conditions under which full implementation is possible via direct mechanisms, as well
as the transfer schemes which achieve full implementation whenever it is possible. Finally, we study
the robustness properties of the implementing transfers with respect to misspecifications of agents’
preferences and with respect to lower orders beliefs in rationality.

KEYwORDS: Moment Conditions, Robust Full Implementation, Rationalizability, Interdependent
Values, Identical but Unknown Distributions, Uniqueness, Strategic Externalities, Canonical Transfers,
Loading Transfers, Equal-externality Transfers.

JEL: D62, D82, D83

1 Introduction

Many economic models assume that agents believe that the types of others are drawn from the
same distribution. This is a natural way to represent situations in which agents regard each other
as ex-ante symmetric from an informational viewpoint, or more broadly that they come from a
common population. Standard modeling techniques, however, not only impose that the distribution
of types is identical across agents, but also that it is common knowledge among them — and, in
mechanism design, also known to the designer. But if identicality is a natural way to capture

a basic qualitative property of these environments, common knowledge of the distribution is a
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different kind of assumption: not only is it strong and unlikely to be satisfied; it is also well-known
to heavily affect the results]T]

A large and growing literature has taken up Wilson’s (1987) call for a “[...] repeated weakening
of common knowledge assumptions [...]”; and developed a robust approach to mechanism designEl
In this paper we pursue the objectives of the Wilson doctrine in settings with informationally sym-
metric agents. To do this, we maintain common knowledge that types are identically distributed,
but without assuming that the actual distribution is common knowledge, nor that it is known to
the designer. Under these assumptions, we explore questions of partial and full implementation:
First, we characterize the transfers which are incentive compatible under the assumption of iden-
ticality, and provide necessary and sufficient conditions for partial implementation. Second, we
characterize the conditions under which full implementation via direct mechanisms is possible un-
der common knowledge of identicality, as well as the transfers which achieve it whenever possible.
Finally, we study the robustness of the implementing transfers with respect to the possibility that

agents are ‘slightly faulty’ (e.g., (2002) — or equivalently, that their preferences are slightly
misspecified), and with respect to lower orders of rationality (which is closely connected to recent

work on level-k implementation by |de Clippel et al.| (2018)).

While direct mechanisms and transfers are without loss for partial implementation, insisting
on these mechanisms does restrict the environments in which full implementation is possible. But
there are many advantages which come from this restriction. First, classical results on full imple-
mentation typically involve unrealistically complicated mechanisms, which have been criticized for
providing limited economic insight (see, e.g., ) Our insistence on using the same
class of mechanisms as is typical in the partial implementation literature allows for an easier com-
parison with that literature, which favors the interpretability of the results and hence addresses
Jackson’s concern for economic ‘relevance’. This approach also enables us to uncover what features
of an incentive compatible transfer scheme — namely, as we show, the structure of its strategic
externalities — may or may not be problematic from the full implementation viewpoint. With this
understanding, our approach develops constructive insights on how failures of full implementa-
tion can be overcome maintaining the same fundamental structure as the mechanisms for partial
implementation, which have a clear economic interpretation.

A central role throughout our analysis is played by the canonical direct mechanism, which char-
acterizes the mechanisms for belief-free implementation (to fix ideas, in efficient implementation,
the transfers in the canonical direct mechanism are the VCG transfers). Our first result shows that
a transfer scheme ¢ is incentive compatible under common knowledge of identicality if and only if
it can be written as the sum of the canonical transfers and an extra component which satisfies a
certain condition for all beliefs consistent with identicality. As it turns out, such condition implies
that, for all beliefs consistent with the model, both the first- and the second-order derivatives of
agents’ optimization problem given ¢ coincide with those given the canonical transfers. It follows

that, when only common knowledge of identicality is maintained, partial implementation is possi-

1On the impact of common knowledge assumptions in game theory, see, for instance |Rubinstein| (]1989[); Carlsson
and Van Damme | (1993); [Kajii and Morris| (1997); [Morris and Shin| (1998| [2003); [Weinstein and Yildiz| (2007]b)
2011} 2016)); |Pental (2012} [2013); |Penta and Zuazo-Garin (2017).

This literature was spurred by the seminal works in belief-free settings by |Bergemann and Morris| (2005, 2009aljb}
for static mechanisms, and further developed by [Miiller| (2016 2018)) and [Penta| (2015) for dynamic ones.
Settings with partial restrictions on agents’ beliefs are considered by [Lopomo et al| (2011)); |Artermov et al.| (2013);
|Guo and Yannelis| (2017); |Olldr and Penta (2017). See also [Yamashita (2015), Borgers and Smith| (2014])), [Wolitzky|
(2016) and |Carroll| (2015)) for alternative approaches.




ble if and only if it can be achieved by the canonical transfers. The canonical transfers therefore
are all which needs to be considered to achieve partial implementation under common knowledge
of identicality. This, however, is not to say that partial implementation in these settings is as
demanding as ex-post incentive compatibility: the latter notion is indeed more demanding; yet,
considering the same mechanism suffices for both.

Regarding full implementation, |Ollar and Penta) (2017) showed that the reason why the canon-
ical transfers fail to achieve full implementation in environments with strong preference interde-
pendence (a result due to Bergemann and Morris| (2009a))) is that they induce too strong strategic
externalities. (Ollar and Penta| (2017))’s idea was to use information about agents’ beliefs, if avail-
able, to design incentive compatible transfers which induce small strategic externalities (and hence
uniqueness and full implementation) even when preference interdependencies are strong. They thus
provided sufficient conditions on agents’ beliefs so that the designer could engineer such weakening
of strategic externalitiesﬁ It turns out, however, that if only common knowledge of identicality
is maintained, without assuming knowledge of the actual distribution of types, then |Ollar and
Penta| (2017)’s design strategy cannot be pursued: under common knowledge of identicality, any
incentive compatible mechanism must display the same total level of strategic externalities as the
canonical direct mechanism. Hence, under common belief of identicality, the designer may only
pursue a redistribution — not a reduction — of the strategic externalities, which in turn are pegged
to the level of preference interdependence in the environment. This obviously limits the possibility
of achieving full implementation, and requires developing a new design strategy.

Our analysis of full implementation develops such a novel design strategy. The key is to under-
stand how the strategic externalities in the canonical direct mechanism can be optimally re-assigned
among the agents, as well as providing constructive insights on how this can be achieved by adding
a belief-based component to the canonical transfers. For environments with single-crossing pref-
erences and public concavity, our main result is a full characterization of the conditions for full
implementation under common knowledge of identicality, as well as of the transfer scheme which
achieves it whenever possible. The transfers in our characterization have a special hierarchical
structure: besides preserving, for any player, the total level of strategic externalities he is subject
to from his opponents — which, by the results above, is necessary to preserve incentive compati-
bility when only common belief in identicality is assumed — these transfers load all the strategic
externalities on the opponent who displays the lowest amount of preference interdependence. The
structure of the loading transfers enables us to uncover a fairly surprising result: the possibility of
full implementation is characterized by the strength of the preference interdependence of the two
agents with the least amount of preference interdependence, regardless of the number of the other
agents, and of their preferences.

Such a characterization has powerful implications from a broader market design perspective:
for instance, if full implementation cannot be achieved for a set of agents (which, by our results,
would be due to too strong preference interdependence), adding two more agents whose preferences
do not depend much on others’ information would suffice to make full implementation possible. At
the extreme, whenever the environment includes two agents with private values, common belief in

identicality ensures that full implementation is possible via a simple direct mechanism.

3For instance, [Ollar and Penta) (2017) showed that strategic externalities can always be eliminated in common
prior models with independent or affiliated types under certain preference restrictions, and hence full implementation
be achieved in (interim) dominant strategies.



Besides the loading transfers, which as explained have a strongly asymmetric structure, we
also consider the equal-externality transfers, which evenly redistribute the strategic externalities
across the opponents. Such an alternative design strategy is not without loss of generality for
full implementation under common knowledge of identicality (there are environments in which full
implementation is possible, but not with the equal-externality transfers). Nonetheless, we show
that these transfers are still widely applicable, and that their symmetric structure grants them an
important robustness property. In particular, while the loading transfers have several desirable
robustness properties (for instance, they minimize the sensitivity of implementation with respect
to lower-orders of rationality — cf. |de Clippel et al|(2018)), we show that the equal-externality
transfers minimize the impact on the implemented allocation with respect to the possibility of
‘slightly faulty’ agents or of misspecification of their preferences (cf., [Eliaz (2002)).

The rest of the paper is organized as follows: Section 2 introduces the model and presents some
illustrating examples; Sections 3 and 4 provide the characterizations of partial and full implemen-
tation, respectively. Section 5 focuses on alternative design strategies for full implementation via

transfers. The sensitivity analysis is provided in Section 6.

2 Model

We consider environments with transferable utility with a finite set of agents I = {1, ..., n}, in which
the space of allocations X is a compact and convex subset of a Euclidean space. Agents privately
observe their payoff types ; € ©; := [0,0] C R, are drawn from a closed interval on the real line,
common to all agents (the latter assumption is inherent to our main question, which is to study
the assumption of identical distributions). We adopt the standard notation §_; € O_; = X,;»,0;
and 6 € © = X;¢;0; for profiles. Agent i’s valuation function is v; : X x © — R, assumed twice
continuously differentiable, and we let ¢; € R denote the private transfer to agent i: for each
outcome (z,0, (t;),c,), i’s utility is equal to v; (x,6) + t;. The tuple (I,(0;,v;);c;) is common
knowledge among the agents. If v; is constant in 6_; for every ¢, then the environment has private
values. If not, it has interdependent values.

An allocation rule is a mapping d : © — X which assigns to each payoff state the allocation
that the designer wishes to implement. We focus on allocation rules that are twice continuously
differentiable and responsive, in the sense that for all ¢ and 0; # 6/, there exists 6_;, € ©_; such
that d (0;,0_;) # d(0,0_;) (see, e.g., Bergemann and Morris (2009a))).

The model accommodates general externalities in consumption, including both pure cases of
private and public divisible goods. The main substantive restrictions are the one-dimensionality
of types, and the smoothness of the allocation function, which for instance rules out standard
auction applications. We will use the notation df/dz for all derivatives, with the understanding
that when X is multidimensional, %“;i
and %’; (z,0) - (‘%di (6) denotes their inner product.

(z,0) and % (0) denote the vectors of partial derivatives

We assume that agents commonly know that types are identically distributed across agents, but
they do not necessarily know (or agree on) the actual distribution, which importantly is unknown
to the designer. Hence, for each type 6;, the designer regards many beliefs Bé‘f C A(B_;) as

possible for type 6;, namely all those which are consistent with common knowledge that types are



identically distributedﬁ Formally, the designer’s assumption about beliefs is represented by belief
restrictions B = ((Bj?)g,ce, )ics such that

Byt = {bg, € A(O_;) : marg by, = marg be, for all j,k # i} for all i and 6;. (1)
j k

These belief restrictions entail weaker assumptions on agents’ beliefs than many standard
models in more applied theory and in empirical microeconomicsﬂ The belief restrictions in are
weaker, for example, than assuming: (i) a joint distribution with identical marginals over agents’
types; (ii) a joint distribution with exchangeable random variables; (iv) known independent and
identical distributions across agents (as in standard common prior i.i.d. environments); (v) inde-
pendent and identical but unknown distributions; (vi) unobserved heterogeneity but symmetrically
distributed values; (vi) environments with pure common values in which the state of the world is
unknown to the designer, but commonly known by the agents; etc. Hence, our belief restrictions
entail a very weak level of common knowledge in the environment.

We consider direct mechanisms, in which agents report their type and the allocation is chosen
according to d. A direct mechanism is thus uniquely determined by a transfer scheme t = (;),.;,
t; : M — R, which specifies the transfer to each agent 4, for all profiles of reports m € ©. (To dis-
tinguish the report from the state, we maintain the notation m; even though the message spaces
are M; = ©;.) Any transfer scheme induces a game with ex-post payoff functions Uf (m;0) =
v; (d(m),0) 4+ t; (m). When the transfers are clear from the context, we don’t emphasize the de-
pendence of the payoff functions on ¢. For the analysis of partial implementation, in which each
agent expects his opponents to report truthfully, the following notation will be useful: For any 6;,
by, € A(O_;) and my, we let B (U; (my, 0_;;0;,0_;))) := f®ﬂ' U; (my,0_;;0;,0_;)dby,. For full
implementation instead we will also consider other (non-truthful) reporting strategies for the oppo-
nents, and also use the following notation: For every §; € ©;, u € A (M_; x ©_;) and m; € M;, we
let EUé‘i (m;) = fM,ixG),i U; (mi,m—_;;0;,0_;) du denote agent i’s expected payoff from message

mi, if i’s type is 6; and his conjectures are y, and define BRy, (1) := arg max, e, EUp (m;).

2.1 Leading Examples and Preview of Results

In this section we provide some examples to illustrate the key ideas of the paper and their con-
nection with the previous literature. The examples are all based on the following environment:
There are three agents, {1,2,3}, with preferences over the quantity € Ry of public good such
that v; (z,0) = (0; + 7i;0; + virbs) « for all ¢, where we let j := i+ 1(mod3) and k := i+ 2(mod3).
Types 0; € [0,1] are private information to each agent ¢, and for each i and j # 4, v;; € R is
a parameter of preference interdependence. The social planner wishes to implement the efficient

allocation rule. With production cost ¢ (x) = 22/2, the efficient decision rule is d () = Z?:I ki,

4For a measurable set E, A (F) denotes the set of probability measures on its Borel o-algebra.

5The notion of a belief restriction is introduced by |Ollir and Penta (2017) to model general restrictions on
agents’ beliefs: a belief restriction is a commonly known collection B = ((Bg, )g,co,)icr such that By, C A (©_;)
is non-empty and convex for all ¢ and 6;, and B; : 6; — By, C A(©_;) is continuous for every i. As discussed
in |Ollar and Pental (2017)), special cases of interest include (i) standard Bayesian environments, in which By, is a
singleton for all 6; and 4; (ii) common prior environments, in which 3p € A (©) such that By, = {p(:/6;)} for all i
and 6;; (iii) belief-free environments, in which By, = A (©_;) for all ¢ and 6;.

6Models with identical distributions of agents’ types are often applied to study, for example, information ag-
gregation in voting (e.g., |[Levy and Razin| (2015)), information aggregation in exchanges (e.g., |Ollar| (2017))) and
identification in auctions with symmetric bidders (e.g., |/Athey and Haile| (2007); |[Hendricks et al.| (2003)).



where k; = 1 + 4 + Y for all 4, which for convenience we assume positive. Given this envi-
ronment, we consider three sets of assumptions on agents’ beliefs: (i) a belief-free setting, (ii) a
standard common prior environment, and (iii) a setting in which only common belief in identicality

is maintained — the main focus of this paper.

Belief-Free Implementation. If the designer has no information about agents’ beliefs, or if he
wishes to achieve implementation without relying on any belief restriction, then only the generalized

VCG mechanism (cf. Bergemann and Morris| (2009a))) can be used.

Example 1 (Belief-Free Implementation). In our example, the VCG transfers are the following:
ti(m) = —kK; (O.5m? + m; (vimy + vieme)) -

Given this, as long as x; > 0 for all 4, for any profile (f_;,m_;) of opponents’ types and reports,

the ex-post best-reply function for type 6; of player i is

BRj, (0—i,m_;) = projio. | 0: + > _ i (0; —m;) | [ (2)
J#i

Observe that, regardless of what v is, for any realization of 8, truthful revelation (m; (6;) = 6;)
is a best response to the opponent’s truthful strategy (m; (6;) = 6;). This is the well-known
ex-post incentive compatibility of the VCG mechanism. Partial implementation of the efficient
allocation is thus guaranteed independent of agents’ beliefs. Furthermore, if Z#i |v:5] < 1 for
all ¢ € I, then equation is a contraction, and its iteration delivers truthful revelation as
the only rationalizable strategy. In this case, the VCG mechanism also guarantees full belief-free
implementation. Full implementation, however, is only possible if the preference interdepependence

is ‘small’. For instance, suppose that preference parameters are such that

(712,713,721, 72,3, 731, ¥32) = (0.9,-0.5,1.2,-0.6,-0.8,1.6) =: ¥

Then, all report profiles are rationalizable, and hence full belief-free implementation fails. [

Hence, partial belief-free implementation is always possible in this setting, but full belief-
free implementation fails if the preference interdependence is too strong (Bergemann and Morris
(2009a)). The reason is that if preference interdepedence is strong, then players’ best responses in
the VCG mechanism are strongly affected by others’ strategies. This in turn generates multiplicity
of equilibria, and hence failure of full implementation. We thus shift the focus from preference
interdependence to the strategic externalities of a mechanism, which can be captured by studying
how agents’ best responses are affected by changes in the opponents’ report. This information
can be conveniently summarized in a strategic externality matriz, whose ij-th entry contains the
derivative of player i’s best response with respect to j’s report, for j # i, normalized by the

concavity of ¢’s payoff function with respect to his own report. In the case of the canonical

"For any y € R, we let projio,1] (y) := argming, co,1] 16; — y| denote the projection of y on the interval [0, 1].



mechanism, this amounts to:

0 72 ms
SE*= | 71 0 993
Y31 vz O

Identical and Known Distribution: Reduction of Strategic Externalities. Strategic ex-
ternalities and preference interdependence coincide in the VCG mechanism. But if the designer
has some information about the agents’ beliefs, then this necessary coincidence is more relaxed:
the strategic externalities can be weakened, so as to ensure uniqueness, even if preference interde-

pendence is strong. This is the main insight from |Ollar and Penta (2017)).

Example 2 (Known i.i.d. Common Prior). Suppose that types are commonly known to be i.i.d.
draws from a uniform distribution over [0,1], and this is known to the designer. Consider the

following transfers, which are a special case of Proposition 3 in [Ollar and Penta/ (2017)):

N 1
t9F (m) == t; + myk; ;’}/ﬂ (m;—0.5) | = —k; imf + mi§%l05 . (3)

These transfers induce the following best response function:

BR" (n) = projjoy | 0i + Z’m [E(6:10;) —0.5] | . (4)
[

Under the maintained assumptions, E (6;/0;) = 0.5 for all §; and [ # i. Hence the term in square
brackets cancels out for all types. Truthful revelation therefore is strictly dominant, and full
implementation is achieved for any . Players’ best-responses are not affected by other reports,

and hence strategic externalities were completely eliminated in this case. [

The result in this example does rely on the restriction on agents’ beliefs, and in particular on
the knowledge that “E (6;|6;) = 0.5 for all §; and [ # ¢". If this moment condition were not satisfied,
these transfers would achieve neither full nor partial implementation. This moment condition was
used in to weaken the strategic externalities of the baseline transfers from Example 1, but
in principle others could be used tooE| Intuitively, the more information the designer has about
agents’ beliefs, the more freedom he has to choose a convenient moment condition. As shown
by |Ollar and Pental (2017)), common prior models are maximal in the freedom they allow to the
designer and, for a large class of environments, as in the example, strategic externalities can be

completely eliminated when types are independent or affiliated.

Identical but Unknown Distribution: Redistribution of Strategic Externalities. Now
suppose that agents commonly know that their types 6; € [0, 1] follow the same distribution over
©;. The distribution itself, however, is not necessarily known to the agents and, most importantly,
it is unknown to the designer. Transfers from the previous example do not ensure implementation

anymore, since agents’ beliefs neet not satisfy the moment condition “F (;|6;) = 0.5 for all 6; and

8The idea of modifying ex-post incentive compatible transfers using information about beliefs appears in previous
literature as in|d’Aspremont, Cremer and Gerard-Varet|(1979),|Arrow] (1979)), Cremer and McLean| (1988)), and more
recently in [Mathevet| (2010)); Mathevet and Taneva| (2013)); |Healy and Mathevet| (2012)); Deb and Pai (2017).



I # 47, and hence incentive compatibility may fail. In fact, as we will show, Ollar and Penta’s
(2017) idea of reducing strategic externalities is incompatible with incentive compatibility under
these belief restrictions. The designer is therefore much more limited than in a standard common
prior setting, such as that of the previous example. Nonetheless, a novel design strategy, based on

a redistribution of the strategic externalities, may still be used to achieve full implementation.

Example 3 (B*-Implementation). Suppose that v = 4 as at the end of Example 1, and hence
belief-free implementation is not possible. Now consider the following transfers:

Yijg — Yik (

t; (m) = t; (m) +m;x; 5

mj; —my) for all ¢;

In this case, the best replies become

. 1 1
BRg. = projjo,1 | 0i + 3 (5 + Vi) ZE((el —my) |0;) + 5 (vij — vir) E (05 — Ok) |6s
1

. 1
= projio | bi+ 5 (vij + i) > E((6—mu) |6:)
I£i

The simplification in the last line follows from the fact that, under the B* restrictions, it is
common knowledge that E (§; — 0|60;) = 0 for all §; and i. Because of this simplification, this
mechanism is incentive compatible for all beliefs consistent with B®: if m; = 6; for all §; and
l # i, then the best response is m; = 0; for all i. Moreover, it can be shown that these best-replies
induce a contraction, which ensures that truthful revelation is the only rationalizable profile for

all agents. Transfers (¢¢)._, therefore achieve both partial and full B-implementation.

iel
Next consider the following, more complex, transfers:

th (m) t1 (m) + mik1713 (M3 — my)
th(m) | = | t5(m)~+ makrayes (ms —my)
th (m) t3 (m) + mak3ys2 (Mg —my)

It can be shown that these transfers too are incentive compatible under the B*¢-restrictions,
that is, they are based on moment conditions which are commonly known among the agents. More-
over, these transfers too, induce contractive best replies, and hence achieve full implementation.

To understand the logic behind these transfers, it is useful to look at the induced S E-matrices

when v = ~*, and compare them to the SE-matrix of the VCG transfers:

0 09 -05 0 02 02 0 04 0
SE* = 12 0 —06|,SE°={03 0 03]|,SE'=|06 0 0
-08 16 0 04 04 O 08 0 O

First notice that both (£f),.; and (ti)l ¢ induce SE-matrices such that the sum of the strate-
gic externality within each row is the same as in the baseline VCG mechanism. This is not a
coincidence: as one of our results will show, under the B‘-restrictions, any incentive compatible
transfer scheme would have to preserve, for every agent, the total externalities across all of his

opponents which are present in the underlying canonical mechanism, which in turn are pinned



down by the total level of preference interdependence. (So, for instance, transfers such as (tiOP )z I

from example 2, whose S E-matrix consists of all zeros, will not be incentive compatible under the

Bid-restrictions.) In this sense, strategic externalities can only be redistributed, not reduced.
Second, the SE-matrix of the (7).,

is subject to is constant across all of his opponents. In this sense, the (t¢)

transfers are such that the externalities that any agent &
;er transfers induce an
equal redistribution of the total strategic externalities for every player. With the (tﬁ)l el transfers
instead, for every i, the total strategic externalities are all loaded on the opponent [ # i who is
subject to the lowest total strategic externalities (that isl =2 fori =1, and [ =1 for i = 2,3).
But while both matrices induce a contraction and have the same row-sums — which implies
that, in both mechanisms, the same strategies survive the first round of elimination of never best-

responses — the square of the SE'-matrix exhibits lower row-sums than that of the SE¢-matrix:

0.14 0.08 0.06 024 0 0
(SE®)?=| 012 018 006 |, (SE’={ 0 024 0
012 0.08 0.2 0 032 0

Recursively, this also extends to all powers k > 2, which implies that, from the second round of
O

elimination on, the set of rationalizable reports shrinks more under (ti)l ; than under (¢f),c;.

Our main results for full implementation show that, in a general class of environments, a
suitable generalization of the loading transfers in the example characterizes the mechanisms which
achieve full B*-implementation: under these belief restrictions, full implementation is possible if
and only if it is achieved by the loading transfers. This in turn enables us to characterize the
environments in which full implementation is possible. We also show that the loading transfers
induce the fastest contraction among all implementing mechanisms, and that they are the ‘most
robust’ with respect to lower order beliefs in rationality. The equal-externality transfers, instead,

are ‘most robust’ if one considers the possibility of mispecifications of agents’ preferences.

3 Partial Implementation and Moment Conditions

In this Section we formalize our notion of partial implementation, and we characterize both the
conditions under which it is possible and the transfers which achieve it. For later reference, it will

be useful to introduce the canonical transfers, t* = (t; (-));c;, such that for each i € I and m € O,

i 8vi

i (m) = —us d(m)m) + |

(d (Si7m7i) 7siam77§) d8i7 (5)
and we refer to the pair (d,t*) as the canonical direct mechanism. Note that, under the maintained
assumptions, the canonical direct mechanism induces payoff functions which are twice continuously
differentiable. As shown by |Ollar and Pental (2017)), the canonical transfers characterize the ex-
post incentive compatible transfers in general environments with interdependent valuations, up to

a constant which does not depend on i’s own report{]

9The term ‘canonical mechanism’ is traditionally used to refer to Maskin’s mechanism for full implementation.
That mechanism is not ‘direct’ and it induces an integer game to eliminate undesirable equilibria. We call (d,t*)
the canonical direct mechanism, since special cases of this mechanisms are pervasive in the partial implementation
literature. For example, in auctions (Myerson| (1981)), Dasgupta and Maskin| (2000)) |Segal| (2003), |Li| (2017))), in pivot



Definition 1. A direct mechanism is ex-post incentive compatible (ep-1C) if, U;(0;0) > U;(6;,0_;;6)
for all 6 and for all 6.

Lemma 1 (Lemma 1 in |Olldr and Pental (2017)). If (d,t) is differentiable and ex-post incentive

compatible, then for all i, there exists a differentiable function 1; : M_; — R such that, for all m

ti (m) = t; (m) +7i (m—). (6)
Moreover, if (d,t) is differentiable, satisfies @, and if the resulting payoff functions are such that
0?U; (mi, 0_4;0) /0*m; < 0 for all m;, then (d,t) is ex-post incentive compatible.

It is well-known that ex-post incentive compatibility characterizes the possibility of achieving

partial implementation when the designer relies on no information on agents’ beliefs (Bergemann|

land Morris (2005))). Lemma [I] therefore implies that the canonical transfers characterize the

mechanisms which may achieve partial implementation in the belief-free sense.
In the present context, the designer knows that agents ‘commonly believe in identicality’,
and hence our analysis of partial implementation relies on the following less demanding notion of

incentive compatibility{™|

Definition 2. A direct mechanism is B'-incentive compatible (B4-1C) if for all i € I, for all
0;,0., € ©;, and for all by, € Bg‘f, Ebi (U; (0;,0_:;0;,0_;)) > E®: (U (0},0_;;0;,0_;)). If the
inequality holds strictly for all i, 0;, by, € Bg‘f and 0! # 0;, then we say that it is strictly B4-IC. If
(d,t) is B-IC, then we say that the transfers t B -partially implement the allocation function d.

3.1 Partial Implementation: Characterization

In this Section we characterize properties of the transfers which partially implement a given al-
location function d : © — X, and study necessary and sufficient conditions for B*¢-partial imple-

mentation. The following Lemma plays an important role in our analysis:

Lemma 2 (B-IC Transfers: Necessary and Sufficient Conditions).
[Necessity:] If (d,t) is twice differentiable and B**-IC, then for all i, and for all m € M = O,

m;
ti (m) = t: (m) + Ti (m_z) + Ki (Si, m_i) dSi (7)
—— 6.
belief-free transfers _
(ep-IC characterization) belief-based component

where 7, : M_; — R and K; : M — R are differentiable functions and K; is such that:
E"i (K; (0:,0_;)) =0 for all 6; and for all by, € B[] (8)

[Sufficiency:] If (d,t) is twice differentiable, t satisfies @ and @, and the resulting payoffs are
such that EY: (62Ui (mg,0_;;0) /62mi) < 0 for all m; and by, € Béi'_l, then (d,t) is B-IC.

mechanisms (Milgrom| (2004)), [Jehiel and Lamy| (2017))), in public goods problems (Laffont and Maskin|(1980) |Green|
1977)), etc. Lemma 1 in |Ollar and Pental (2017)) generalized the earlier results in the papers above.
The term canonical direct mechanism was first used with this acceptation in |Ollar and Penta) (2017).

10Similar to [Bergemann and Morris| (2005)), one could define B*¢-Partial Implementation as (partial) Bayesian
implementation on all type spaces consistent with the B*¢-restrictions. By arguments similar to
(2005)), it can be shown such a notion is equivalent to the incentive compatibility condition in Def.
] bg.
HFor any f:© — R, 0; € ©; and by, € Bljl, we let E7% (f (0;,0—;)) := f@,i fi (05,0_4) dby, .
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Equation implies that, as far as B-IC is concerned, it is without loss of generality to
design transfers starting out with the canonical transfers, and then adding a belief-based term
K; : M — R. This result therefore extends the characterization of ex-post incentive compatible
transfers in Lemma 1| to the belief restrictions B*?. The sense in which the extra component is
‘belief-dependent’ is clarified by the condition in equation (), which has to be satisfied for all
beliefs consistent with B, We will expand on the conceptual significance of this condition in
Section [3.2] In the meantime, note that any twice continuously differentiable mechanism is B-IC
only if the truthful profile satisfies the first- and second-order conditions of agents’ optimization
problem, for all interior types and for all beliefs consistent with B*¢. That is, the associated payoff
function must be such that, for all §; € (8, 5) and by, € Bg‘ii, (i) B (0U; (6;,60_4;0;,0_;) JOm;) =0
and (ii) B (82Ui (0;,0_:;60;,0_;) /82mi) < 0. But if ¢ partially implements d, then by Lemma
it can be written as in , and hence — letting U* denote the payoff function of the canonical
direct mechanism — for any 6; € (6, 6) and by, € Bj, we have:

E (QU; (0:,0-350:,0-3) /Om;) = B (OU} (05,03 05,0—;) JOm;) + E™i (K; (6:,0—,)) , and
Ebei (32Uz (0“ 0_2, 01, 0_1) /62777,1) = Ebei (82Uz* (0“9_1, 91, 0_1) /anl) + Ebgi (aKZ (01,9_1) /3mz) .

Condition in Lemma [2| implies that the second term on the right-hand side of the first
equation is zero, and hence the first-order conditions of any B**-IC mechanism coincide with those
of the canonical direct mechanism. Furthermore, it can be shown that any K; function which
satisfies condition also ensures that the second term of right-hand side of the second equation
is zero, for all beliefs by, € Bd. Hence, the first- and second-order conditions are met in (d,t) if

and only if it they are met in the canonical direct mechanism. This proves the following results:
Theorem 1 (Partial Implementation: Characterization). Under the maintained assumptions,
1. d is partially B**-implementable if and only if it is partially B**-implemented by t*.

2. (a) If the allocation rule d is partially B’ -implementable, then:
Eb: (92U (0,0—i:0;,60_;) /0*m;) <0 for all i, 6;, and for all by, € Bj?.

(b) If EY: (82Ui* (0;,0_4;0;,0_;) /32mi) < 0 for all i, 8; and for all by, € Béf, then d is
partially B -implementable.

This is our main result on partial implementation. It shows that, under the B**-restrictions,
there is no reason to consider transfers other than the canonical ones. (As we will see, this will not
be the case for full implementation: full implementation may fail under the canonical transfers,
but be achieved by other transfers). Besides its intrinsic interest, this result also simplifies the
task of identifying which conditions on the environment are necessary or sufficient for partial
implementation: it suffices to study properties of the payoff functions induced by the canonical
mechanism, U} (m; @), which only depend on the allocation function and on the agents’ preferences.
Since, by construction, the canonical transfers satisfy the first-order conditions, sufficiency hinges
on the second-order conditions of agents’ optimization problem at the truthful profile.

Note that, if the expectation operators were removed from these conditions, so that the second-
order conditions are satisfied in the ex-post sense, then these conditions would correspond to ep-IC.

It is clear, however, that there is a gap between the two: it may be that the canonical mechanism

11



(d,t*) satisfies the second-order conditions in expectation, for all beliefs consistent with the B
(as in part 2 of Theorem , but not in the ex-post sense. This clarifies that the result in Theorem
does not imply that B*-IC is possible if and only if ep-IC is possible, but only that in both cases

it suffices to consider the same mechanism.

3.2 Incentive Compatible Transfers via Moment Conditions

Further intuition on the belief-based components in Lemma [2| can be gathered by looking at the
special case in which the K; function can be written as K; (m) = L; (m—;) — f; (m;), for some
L;:0_; > Rand f; : ©; = R. In this case, the expected value condition can be written as

/ L;i (0—;) dbg, = fi (6;) for all §; and for all by, € B (9)
O_;

If a collection (Li7fi)iel of functions L; : ©_; — R and f; : ©; — R satisfies (@ for every i,
then it means that under the belief restrictions B¢, agents commonly believe that, for every i, his
expectation of moment L; (6_;) of others’ types varies with ; according to f;. Hence, this condition
expresses commonly known assumptions on agents’ conditional expectations on a moment of others’

types. Based on this observation, |Ollar and Penta) (2017)) introduced the following notion:

Definition 3. A moment condition is represented by a collection (Ls, f;);c; suchthat L : ©_; — R
and f; - ©; — R. It is consistent with B if it satisfies (@ for alli; it is a linear moment condition

if L; is linear for every i.

Setting K; (6) = L; (0—;) — f; (6;) in the statement of Lemma [2} eq.(7)) specializes to

mi
t; (m) = tf (m) + 7 (m,i) + L; (mfl) m; — fi (Sl> ds; . (10)
S —
characterization
of ep-IC transfers moment condition-based term

This is precisely the class of transfers for which |Ollar and Pental (2017)) provide sufficient conditions
for full implementationE By Lemma [2) there may exist incentive compatible transfers which
cannot be written as in equation , since not all functions K; : © — R in that Lemma are
equivalent to moment conditions in the sense of Definition [3] Nonetheless, understanding the set
of moment conditions which are commonly known under given belief restrictions is a useful way
of looking at the possibilities that the designer has to device incentive compatible transfers under
these easy-to-interpret belief-based components. Being concerned with full implementation under
general belief restrictions, and particularly on sufficient conditions, |Ollar and Penta|(2017) did not
characterize the set of available moment conditions. That task can be difficult in general, but such
a characterization is possible for the belief restrictions considered in this paper, and it provides

particularly clean insights into the set of transfers which are available to the designer:

Lemma 3 (Moment Conditions under B**: Characterization). The moment condition (L;, ;)< ;

is consistent with B if and only if

121n particular, |Ollar and Penta) (2017) show that if the belief-restrictions admit moment conditions with certain
properties, then this design strategy ensures full implementation. They also illustrate the usefulness of those
sufficient conditions in common prior environments and in settings in which only the conditional averages are
common knowledge. (Note that, under the Bi? restrictions we consider in this paper, the conditional averages of
types are neither common knowledge nor known to the designer.)
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1. f;(6;) = ¢ for some c € R, for all 6;;
2. L; is constant at identical types and agrees with c¢: L; (8) = c for all § s.t. 8; = 0; for alli,j;

3. L; is additively separable across players: there exist real functions L;; such that L; (6_;) =
Z];éz Lij (9]) fOT‘ all G_i € @_Z‘.

An interesting question is how our analysis would change if, beyond common knowledge of
identicality, one also assumed common knowledge of independence across different players. This
can be formalized by replacing the B*%-restrictions with the stronger belief restrictions B¢, which
also require beliefs by, € A(O_;) in condition to be the independent product of an identical
distribution over [0,6]. It can be shown that results analogous to Lemma [2| obtain for B¥-
restrictions, as well as a characterization analogous to Lemma [3] with the only difference that part
3 of Lemma 3] is not required. Intuitively, the stronger information that the designer has about
agents beliefs in B%?, compared to B¢, allows a richer set of moment conditions which can be
used to design incentive compatible transfers. Interestingly, however, such extra freedom does not
really expand the possibility of implementation: it can be shown that, under the B*?-restrictions,

the characterizations of both partial and full implementation is the same as in Theorems [I] and

4 Full Implementation

Our notion of full implementation is based on the solution concept of B'-rationalizability, a special
case of |Battigalli and Siniscalchi| (2003)’s A—rationalizability Bie-rationalizability is defined by
an iterated deletion procedure in which, for each type 6;, a report survives the k-th round of
deletion if and only if it can be justified by conjectures (joint distributions over opponents’ types
and strategies) which are consistent with the belief restrictions B, and with the previous rounds of
the deletion procedure. For every ¢ and 6;, the set of conjectures that are consistent with common
belief in identicality is defined as ngl = {,ui €EA(M_; xO_;): marge_, 11 € Bé‘j} .

Definition 4 (B-rationalizability). Fiz a direct mechanism. For everyi € I, let Réd’o =0; x M;

and for each k = 1,2, ..., let Rii?k_l = ><j7giR;d’k_1,

R;’d’k = {(Hi,mi) :m; € BRy, (u;) for some p; € C’éf NnA (Ri’if_1>} , and Réd = ﬂ Rﬁd’k.
k>0

The set of B-rationalizable messages for type 0; is defined as R (6;) := {mi 2 (0;,m;) € Réd}.

Definition 5 (Full Implementation). The transfer scheme t = (t;),c; fully implements d under
common knowledge of identicality if Ri%(0;) = {6;} for all 0; and all ZE

First we note that B*¥-Rationalizability is in general a weak solution concept, and hence our

notion of implementation is a demanding one. On the other hand, sufficient conditions for full

13Battigalli and Siniscalchil (2003))’s concept allows for general restrictions on players’ first-order beliefs on others’
types and strategies. Within mechanism design, |Ollar and Penta) (2017)) focused on the case in which belief restric-
tions are only on others’ types; |[Lipnowski and Sadler| (2017)) instead adopted restrictions on beliefs about others’
behavior for their concept of peer-confirming equilibrium, although not in an implementation setting.

14 A weaker notion of implementability would allow non-truthful reports, provided that they all induce the same
allocation as the true type profile. It can be shown that the two notions coincide for responsive allocation rules.
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Bid-implementation guarantee full implementation with respect to any (non-empty) refinement
of B'l-Rationalizability, and hence the weakness of the solution concept strengthens our results.
Furthermore, it can be shown that B*“-rationalizability characterizes the set of all Bayes-Nash
equilibrium strategies, taking the union over all type spaces that are consistent with B¢, Definition
[] therefore can be seen as a shortcut to analyze standard questions of Bayesian implementation
for all beliefs consistent with the B restrictions[H]

Second, our notion of implementation requires that truthful revelation is the only rationaliz-
able report in the direct mechanism, given the belief restrictions B¢, As it is well-known, insisting
on direct mechanisms does make the task of achieving full implementation harder. We should thus
expect our characterization results to be in general more demanding than those which would be
obtained without restricting the space of mechanisms in this way. But there are many advantages
from restricting the space of mechanisms. From a conceptual viewpoint, classical results on full
implementation typically involve unrealistically complicated mechanisms, which have been criti-
cized for instance in an influential paper by |Jackson| (1992)). Our insistence on implementation via
transfer schemes which only elicit payoff-relevant information imposes a more demanding criterion
to favor the interpretability of the results, and can thus be seen as pushing Jackson’s concern
for ‘relevance’ a bit furtherE Our approach also allows an easier comparison with the partial
implementation literature, since it makes transparent what features of an incentive compatible
transfer scheme may be problematic for full implementation, and shows how failure to achieve full

implementation can be overcome without changing the fundamental structure of the mechanism.

For later reference, we introduce a class of environments which satisfy a standard single-crossing

condition, and in which the concavity of agents’ valuation functions is public information:

Definition 6 (SC-PC). An environment satisfies single crossing and public concavity (SC-PC) if:
1. For all i and (x,0), 2% (,0) > 0 and 9d/d0; > 0

2. For all i and j, 8%v;/0*x and 9*v;/0x00; are constant in 6, and %ad% (0) =0 for all 6.

These conditions generalize properties of standard quadratic-linear environments with single
crossing preferences, which are common both in the theoretical and in the empirical literature
for the convenient property that they imply linear best replies. Special cases of our conditions
are common in models of social interactions, markets with network externalities, supply function
competition, divisible good auctions, markets with adverse selection, provision of public goodsﬂ
Compared to these applications, Definition [f] also accommodates more general dependence on z,

as long as the concavity and the cross derivatives are public information.

5By the same arguments, Bergemann and Morris| (2009al) and |Ollar and Pental (2017)) study full implementa-
tion, respectively in belief-free settings and under general belief-restrictions, using corresponding versions of A-
rationalizability. (For earlier versions of these results on A-rationalizability, see Battigalli and Siniscalchil (2003)).)

16In contrast to our static constructions, the more complex or multistage mechanisms suggested by the full
implementation literature (e.g., Maskin|(1999);Moore and Repullo| (1988)) are fragile to perturbations of information
(cf. |Aghion et al.| (2012))). |Bergemann and Morris| (2009a) also restrict the analysis to direct mechanisms, but in
the special case of quasilinear environments considered in this paper, their results only provide conditions to check
whether a given mechanism (d,t) is (belief-free) implementable, but they do not provide insights on how transfers
should be designed to achieve implementation, if at all possible.

17Quadratic-linear models are frequent in the literature of networks (e.g., Ballester et al. (2006), Bramoulle and
Kranton (2007), Bramoulle et al. (2014), Galeotti, Golub and Goyal (2019)), social interactions models (Blume
et al., (2015)), markets with network externalities (e.g., Fainmesser et al., (2015)), divisible good auctions (e.g.,
Wilson (1979)) and public goods (e.g., Duggan and Roberts (2002)).
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The important consequence of these assumptions is that, in the canonical direct mechanisms,

Uy _ 9%v; od . . 27 7% 102
miom; = ~ ow06; " bp, Are constant in (8, m) and s.t. 9°U;/0*m; # 0.
2U} /dm;dm;

20T o%m;
For each i, let & := Zj#. &5, and relabel agents if necessary so that |&1] < [&] < ... <&,

all second order derivatives 3

We can thus define the (normalized) canonical externalities as real numbers &;; =

4.1 Redistribution of Strategic Externalities

In order to achieve full Bi-implementation, the truthful profile must be a mutual (strict) best
response for all types 6; and for all beliefs by, € A (©_;). Strict B4-IC therefore is a necessary
condition for full B*-implementation. It follows that ¢ fully B**-implements d only if it satisfies the
expected value condition of Lemma [2| Beyond this partial implementation requirement, how-
ever, we will show that full implementation imposes more stringent restrictions on the mechanism,
and specifically on the strategic externalities that it induces.

To this end, for any transfer scheme ¢, and for every (m,0) € M x ©, we define the strategic
externality matriz, SE* (m,0) € R™ " in which the entry in row i and column j is equal to
SE*(m,0),; = a;‘fl}if?;j,)g)%gi? eRifi+# jand SE!; = 0if i = j. (Recall that U} (m, ) denotes
s payoff function induced by transfers t.) For example, in SC-PC settings, the canonical transfers

t* induce the following matrix of strategic externalities: for all (m,6),

0 &2 ... &
1 0 ... &on
SE* (m, 0) =
&1 &2 ... 0

The next result shows that strategic externalities are key for the design of transfers for full
implementation. In particular, it shows that whether a B*¥-IC transfer scheme ¢ also achieves
full implementation, depends on the properties of a matrix which is closely related to SE! (m, 0).
Such a matrix is obtained by focusing on the absolute values of the largest externalities across the
domain, normalized by the smallest concavity in the domain. Formally, let |SE*(m,#)| be such

o . + __ maxX(y.e)coxo 02U (m,0)/0m;0m;| . . .
that [SE’|;, = 0 for each i and [SE"|,; := mi;(m):)egx(_) ‘BQUit(mﬁ)/azmiI] for each i and j # i.

Lemma 4 (Eigenvalues and Full B-Implementation). A B¢-IC direct mechanism (d,t) achieves
full B -implementation if all the eigenvalues of |SE*| are smaller than one in absolute value. This

condition is also necessary in SC-PC environments, when t is based on a linear moment condition.

This lemma states that the key condition for a B*-IC transfer scheme to achieve full imple-
mentation is that the spectral radius of the associated matrix of strategic externalities is less than
one. Intuitively, the reason is that eigenvalues in general describe the properties of the iterated of
a matrix. In the case of strategic externality matrices, this amounts to describing the iteration of
best replies which are implicit in the rationalizability operator. The condition that the spectral
radius is smaller than one is sufficient to induce contractive best replies, and hence a unique ratio-
nalizable probile@ Incentive Compatibility — which is assumed in the Lemma — in turn ensures

that such a unique profile is actually the truthful revelation profile.

8The spectral radius of a square matrix is the largest absolute value of its eigenvalues. Other known conditions
in the literature, such as diagonal dominance, are easier to check but only sufficient for contractiveness.
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Since, as discussed, B*-1C is a necessary condition for full B-implementation, at a minimum
any transfer scheme which achieves full implementation needs to satisfy all the conditions we
discussed in Section 3. Note, however, that those conditions only restricted the first and second-
order conditions of the agents’ optimization problem at the truthful profile (which is all that
matters for partial implementation). In contrast, the result in Lemma 4| refers to properties of the
|S Et|-matrix, which in turn depend on the properties of the strategic externalities at all profiles
(m, 6). Hence, before being able to apply the design strategy suggested by Lemma it is important
to first understand which restrictions, if any, are imposed by B*?-IC on the strategic externalities

at the non-truthful profiles. This is the objective of the next Lemma:
Lemma 5. If (d,t) is B'-IC, then, for all 0 and (m;,m_;) s.t. mj = my, for all j,k # i:
1. 9%U; (my,m_;;0) /0*m; = 02U (my,m_;;0) /0*m; and
2. 3 i 0*U; (mi,m—;;0) /Om;0m; = D ik 02U} (mi,m_;;0) /Om;Om;.
These conditions are also sufficient in SC-PC, when t is based on a linear moment condition.

In words, these conditions say that for any agent i and for any state 6, at any profile in which i’s
opponents report (not necessarily truthfully) the same type, then both the concavity in own-action
(condition 1), and the sum of the strategic externalities of all the opponents (condition 2), induced
by any B-IC transfer scheme, must be the same as those of the canonical direct mechanism

Hence, the overall design strategy that emerges from combining these two lemmas is that the
designer should seek to minimize the absolute value of the eigenvalues of the |SE?|-matrix, subject
to the constraints imposed by B-IC (and, particularly, by Lemma . Such constraints imply
that the designer may only redistribute, not reduce, the total strategic externalities induced by
the canonical direct mechanism. When the conditions in Lemmas [4] and [5| are both necessary and
sufficient (as is the case in SC-PC environments and transfers based on linear moment conditions),

such a design strategy is characterized by a particularly tight mathematical structure:

Proposition 1 (Redistribution of Strategic Externalities). Consider an SC-PC environment, and
let t be a transfer scheme based on a linear moment condition. Then, (d,t) achieves full B*-

implementation if and only if it satisfies the following conditions:
1. All the eigenvalues of the |SE?|-matriz are smaller than one in absolute value.

2. 0*U}|0*m; = 0*U} /0*m; and 3, ,; 0°Uf [0miOmy = 37, 92U [dmidm;.

Note that, since in SC-PC environments the matrix SE* of strategic externalities of the canoni-
cal direct mechanism is constant in (m, ), the conditions in points 1 and 2 above essentially require
that, in order to preserve B?-IC, a transfer scheme should induce a matrix of strategic externalities

which preserves, row by row, the same row-sums as in the SE*-matrix.

9The proof of Lemma [5| follows from Lemma [2] and on a more involved characterization of the K; functions
which satisfy the expected value condition (8), which must be such that K; (m) = ZZO 0 mk Z];ﬁz lkj (my), where

{H; }ng keN are polynomials Hk Mj; — R such that Z # (mj) = 0 whenever m; = myj for all j,1 # 1.
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4.2 Full Implementation via Transfers: Characterization

In this section we restrict attention to SC-PC environments, which as discussed are especially
important from the viewpoint of the applied theoretical literature. Similar to what we did for
partial implementation, we seek to identify a transfer scheme ¢ which can be used to identify
whether or not full B*-Implementation is possible. Intuitively, because of the characterization in
Proposition |1} such a transfer scheme should minimize the spectral radius of the associated |SE|-
matrix, within the set of all B*-IC transfer schemes, i.e. subject to preserving the same row-sums
as in the SE*-matrix: for such a transfer scheme, if the spectral radius is larger than one, then full
Be-implementation would be impossible, because any B*-IC transfer scheme would have at least
as high a spectral radius; on the other hand, if the spectral radius of the |SE£|—matrix is smaller
than one, then full implementation is possible, and it is achieved by £.

We define next the loading transfers, which will be shown to provide the answer to this question.
As illustrated in Example[3] the logic of the construction is to redistribute the strategic externalities
so that, in the resulting mechanism, they are all concentrated on the two agents with the smallest
canonical externalities (given the relabeling above, these are agents 1 and 2). Formally, the loading

transfers (t%)ie are defined as follows: for each ¢ € I and m € M; x M_;,

I
ti(m)= ti(m) + Li(m-)m; (11)
N—— ————
canonical transfers redistribution of

canonical externalities

where Lé : M_; — R is such that

2 2 . .
= S g+ S o] 611
It (m_i) _ k#2 k#£2 (12)

v, 0%, ad ip
- Zk# azo0, "t Zk# D00, "V | B0, ifi#1
k#j k#j

First note that the transfers in take the form of , with f! (m;) = 0. That is, these
transfers are based on a moment condition in the sense of Definition (L, fil)ie[ thus defined
satisfies the conditions of Lemma |3} with ¢ = 0, and hence it is consistent with B!, which in
turn implies that the loading transfers are B-IC (this follows from Lemma [2| with K; (§) =
LL(0) — f1(6;), and from the SC-PC assumption, which ensures that the concavity condition in
the sufficiency part of Lemma [2]is satisfied).

Second, letting U} (m; @) denote the payoff function which results from these transfers, it can
be checked that 04U} = Dt O%U; for all i # 1; 0%,U} = D41 9%;U; and otherwise 92U} = 0.
That is, the total canonical externalities are all loaded onto the two agents with the smallest
canonical externalities: for all 4 # 1, the sum of canonical externalitites for i are all loaded onto

agent 1; whereas the sum of canonical externalities for agent 1 are loaded onto 2.

0 & ... 0
. €& 0 ... 0
&n O 0
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Theorem 2 (Full Implementation: Characterization). In SC-PC environments:
1. d is fully B*-implementable if and only if it is fully B**-implemented by t'.
2. d is fully B-implementable if and only if the canonical externalities are such that |£1&5| < 1.

Part 1 of the theorem follows from the fact (shown in the proof) that among the class of B*4-1C
transfers, the loading transfers are those with the smallest associated spectral radius. Hence, as
it turns out, the best way of minimizing the spectral radius of the strategic externality matrix,
subject to the constraint (imposed by B-IC) of preserving the same rowsums as in the SE*-
matrix, is to concentrate all the strategic externalities of any player ¢ on the opponent with the
smallest |£;]: that is on agent 2 for ¢ = 1, and on agent 1 for all ¢ # 1. This is the reason why the
loading transfers characterize the possibility of full implementation under the B*¥-restrictions.

Part 2 follows from the fact that the condition |£1€2] < 1 is equivalent to stating that the
eigenvalues of |SE!| are less than one in absolute value, which by Lemma [4]is both necessary and
sufficient for these transfers to achieve full implementation (that is because ' are both B-IC,
and based on a linear moment condition). The condition |£1€2| < 1 implies that the possibility of
achieving full B*-implementation is completely determined by the canonical externalities of the
two agents with the smallest canonical externalities (or, equivalently, by the two agents with the
smallest level of preference interdependence)@ Thus, full implementation is possible if and only
if the combined effect of these two agents’ canonical externalities are not too large, and that is
regardless of the strength of the preference interdependence of others, or of their number.

As we mentioned in the introduction, this result also has interesting implications from a broader
market design perspective: for instance, if full implementation cannot be achieved for a set of
agents, then all is needed to achieve full implementation is to add to the the set two agents with
small preference interdependence. At the extreme, whenever an implementation problem involves
at least two agents with private values, or whenever two such agents can be added to the group,

then full implementation is possible via a simple direct mechanism.

4.3 Beyond SC-PC Environments

The implementation results of Theorem [2| can also be extended to a larger class of environments,
beyond SC-PC. The next proposition shows that, under the B**-restrictions, whenever a preference
environment is ‘close enough’ to an SC-PC environment which satisfies the condition in point 2 of
Theorem [2] then full implementation is also possible in the non SC-PC environment, applying the

same design principle as in the loading transfers discussed above.

Definition 7 (Approximately SC-PC Environment). We say that an environment £ = (d,v) is
a-close to an SC-PC environment EF¢ = (dPC,UPC), for all 7,

e the canonical direct mechanism in € is strictly concave: 02U (m;0) < 0 for all m and 6,

e the externalities in the canonical direct mechanism in € are a-close to the externalities of
(aPC,t+PC) : |02 Uy (m;0) — 82»2jUi*(PC) (m; 9)‘ <« for all m and 0, for all i and j # i.

20 . . . 821;1 82112 321)1 621)2
That is because |£1€2| < 1 is equivalent to \Zj;ﬂ 52007 'Zj;sz 9200, | < 5200; " Badts
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The condition in the second point in this definition is satisfied if, for instance: (i) the valuation

- : o »vlC 9v; &vfC
functions are e-close: for all i and j, | 522 (z,6) — =525~ (7,0) | < eand ‘axaéj (z,0)— 9200 (x,0)] <

€; and (ii) the allocation rules are e-close: 89325; (0) — g;dg; (0)] < e for all i, j and 6.
i J T J

Theorem 3 (Full B*-Implementation in Approximately SC-PC Environments). Consider an SC-
EPC = (dPC,UPC) which admits full B*-implementation. Then, there exists
(c/*PC

PC environment
ag > 0 such that for all 0 < a < ag, any environment € = (d,v) which is a-close to also
admits Full B*-implementation.

Moreover, there exists cg > 0 such that for all 0 < a < g, in an a-close environment (d,v),

the following transfers ensure Full B**-implementation: for each i,
ti (m) =t (m) + LY7C (m_;) my, (13)

where tf denotes the canonical transfers in £, and LE’PC is obtained applying to EFC.

This result follows from the fact that the spectral radius of a matrix is a continuous operator,
and hence if the general conditions of Lemma [4 hold in an environment, then they also hold in a
‘nearby’ environment. It follows that the loaded transfers of an SC-PC environment also ensures

full implementation in all nearby environments (SC-PC or not).

5 Further Design Strategies for Full Implementation

In this Section we consider alternative transfer schemes to the loading transfers, which have es-
pecially relevant structure and properties. The next Lemma provides general sufficient conditions

which will be useful for the following discussion:

Lemma 6. The B-IC transfer scheme t achieves full B*-implementation if either: (i) it ensures
limited strategic externalities from other agents — that is, if 35, |SE'|;; <1 for all i; or (i) it
ensures limited strategic impact on other agents — that is, if Zj;éi \SEt\ﬂ <1 for alli.

The condition in the first point of this Lemma resembles the design principle in [Ollar and
Penta (2017)), in that it requires ‘not too strong’ strategic e:rtemalities@ Formally, it is a row-wise
condition on the |SE*|-matrix. The second condition instead is a column-wise restriciton on |SE?|,
which can be interpreted as requiring that any agent’s strategic impacts on others is not too strong.
Both claims in the lemma follow from showing that either condition suffices to ensure that the

externality matrix satisfies the eigenvalue condition of Lemma []

5.1 Beyond Loading: Even Redistribution of Externalities

We introduce next a transfer scheme which, as illustrated by the ¢¢ transfers in Example[3] pursues
a uniform redistribution of the strategic externalities. As it will be shown, such alternative design
principle is still widely applicable and has desirable robustness properties.

We define the equal-externality transfers t© = (t7),; as follows: for each i and m,

ts (m) == tr (m) + Li(m_y)m; (14)
—— —_——
canonical transfers redistribution of

canonical externalities

21Unlike here, the analysis in |Ollar and Pental (2017) was limited to transfers based on linear moment conditions.
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where L{ : M_; — R is such that

82vi 32’01 od
L (m_;) = - —.
¢ (m-i) ; 9200, " 01 Z 0206, 26,
Similar to the loading transfers, also these transfers are B**-IC in SC-PC environments, and
are based on a linear moment condition in the sense of Definition Moreover, letting Uf (m;6)
denote the payoff function which results from these transfers, we have that ;U7 = - L5 2 05U
for all i and j # i, and 2Uf = QAU for all i. Hence, these transfers redistribute the total

externalities of the canonical direct mechanism evenly across all of i’s opponents. This can be

easily seen from the strategic externality matrix they induce:

9 ¢
0 nifll nil
¢ ¢ ¢
n—21 0 n_ll n—21

SE® = -
g g <
n—21 T n—ll 0 n—21
g &
e 2 0

While Theorem [2| ensures that, in SC-PC environments, the loading transfers achieve full B-
implementation whenever such implementation is possible, the next result provides easy-to-check

conditions under which full implementation can be achieved via the equal-externality transfers t¢:
Proposition 2. Under SC-PC, the transfers in achieve full B -implementation if

0?v; 0 v 0?v;

either (i) 5200, ? for all i; or (i) Z‘axae 9290
J#i ! ’

<1 for alli. (15)

The proof of this proposition follows directly from the more general result in Lemma [l To
appreciate the conditions in , it is useful to compare them to the following known sufficient
for full implementation via the canonical transfers: Under SC-PC, the canonical transfers achieve

(belief-free) full implementation if

52
0x00;

82’01'
— | 0209

for all 7. (16)

Condition requires that the sum of preference interdependencies, across all of opponents’
of agent i, to be small relative to the dependence of i’s marginal utility on his own type. When
this condition is satisfied, the resulting strategic externalities in the canonical direct mechanism
are small, and belief-free full implementation follows from the results in |Ollar and Penta (2017)
and Bergemann and Morris| (2009a). Relative to this belief-free benchmark, the Bie-restrictions
enable the designer to redistribute the strategic externalities, and hence to weaken Condition
to part (i) of Proposition [2] in which the absolute value is moved outside of the summation. This

means that, by relying on the B'-restrictions, preference interdependencies with opposite signs

220ne way to verify that the ¢¢ transfers are B*4-IC is to notice that the associated moment condition satisfies
the conditions of Lemma [3] with ¢ = 0.
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can be leveraged, to obtain full implementation: Under B, it is the total amount of net preference
interdependence that matters, not the total amount of absolute interdependence.

The second condition in instead focuses on the total impact that agent i’s type has on
other agents’ preferences. Rather than pointing at the way player i’s preferences depend on others’
information, it measures the total impact of i’s information on others’ preferences. The reason
why this alternative condition is also sufficient is related to the idea of Limited Strategic Impact

which we discussed above and is a consequence of part (ii) of Lemma |§| above.

Example 4. In the setting of the leading examples, consider preferences v; : X x © — R which

satisfy the following condition:

It is immediate to check that condition @) does not hold, and one can also show that belief-free
full implementation is not possible in this setting. In fact, for agent 3 condition (i) is also violated.
Condition (i), however, holds and implementation via the equal-externality transfers is possible.

(Of course, implementation via the loading transfers is possible too.)

The next result formalizes the sense in which — while still not as applicable as the loading
transfers (which, by Theorem [2} achieve full implementation whenever possible) — the logic of the

equal-externality transfers is still widely applicable:

Proposition 3. Under SC-PC, one of the conditions in Lemma @ are satisfied by some B*-IC

transfer scheme t , then the equal-externality transfers (t5),.; achieve full B_implementation.
Corollary 1. If Condition holds, then both t* and t° ensure full B**-implementation.

Hence, whenever there is an implementing transfer scheme which satisfies the easy-to-check
conditions of Lemlrna@7 then the equal-externality transfers ¢¢ also achieve full B*-implementation.
There are, however, environments in which the canonical transfers t* achieve full B**-implementation,

but the equal-externality transfers ¢¢ do not:

Example 5. Consider 4 agents and an SC-PC environment for which the canonical direct mech-

anism and the corresponding balancing transfers induce the following externality matrix:

0 01 0 0 0 + & L
2 2 2
sp_gpt— |02 0 00 iege_|® 0 % & |
0 0 0 2 2 0 2
6 0 0 0 2 2 2 0

In this example, the |SE*|-matrix has specctral ratio less than 1, however the |SE®|-matrix
has an eigenvalue larger than 2. Here the canonical transfers coincide with the loading transfers,

and so achieve full implementation, but the equal-externality transfers do not@ O

23For cases in which, contrary to this example, the canonical transfers fail full implementation but the transfers
with uniformly redistributed externalities work well, see Examples @ and El
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5.2 Environments with Symmetric Aggregators

Next, we examine full B-implementability in a special case of our environments, which satisfy
a (still weak) assumption of symmetry in agents’ preferences. We show that, under this mild
assumption of symmetry, transfers with uniformly redistributed externalities are indeed without

loss of generality, in the sense that they achieve full implementation whenever it is possible.

Definition 8 (Symmetric Aggregators in Valuations). An environment has symmetric aggregators
in valuations if for all i, there exist w : X XR — R and h; : © — R strictly increasing in 0; such that
vi (2,0) = w (w, hy (0)), Oy (8) /06, = O, (9) /08 and Xy, (Oh: (9) /00) = X, (9h (6) /06,)
for alli,j and 6.

Proposition 4 (Full B-Implementation with Symmetric Aggregators). Consider an SC-PC en-

vironment with symmetric aggregators in valuations.

1. Full B*-Implementation is possible if and only if it is achieved by transfers (t)icr

82’Ui

2. Full B*-Implementation is possible if and only if ‘Zkﬂ F000-

821]7; -
< 3706, for all .

Next, Figure[[]summarizes the relations between different transfer design strategies. This figure
summarizes the implications of the counterexamples above; and the results on full implementabil-
ity under identical distributions (via the loading transfers in Theorem [2| via designing diagonal
dominance in Lemma [0} via the equal-externality transfers in Proposition [2, and in environments

with symmetric aggregators in Proposition .

6 Sensitivity Results

6.1 Slightly Faulty Players and Preference Misspecification

In many settings, it may be desirable to ensure that the implementing mechanism does not rely
too heavily on the fact that agents’ behavior would coincide exactly with that entailed by the
maintained assumptions on their preferences and rationality. In this section we explore the impli-
cations of this kind of desiderata on the design of transfers for full implementation, by requiring
the implementing mechanism to minimize the impact of an e-mistake in an agents’ report. Such
‘mistakes’ can be interpreted as either stemming from agents’ slightly faulty behavior (similar to
Eliaz| (2002)), or due to a misspecification of agent’s preferences in the model@

Formally, let F' C I be an arbitrary set of possibly slightly faulty agents, in the sense that they
may report messages up to € > 0 away from their optimal response. For any ¢ > 0, §; € ©; and
wi € A(O_; x M_;), let

BRj, (1) = {mi € ©; : [m; — mj| < e for some m; € BRy, (11;)} -

24Robustness with respect of the possibility of slightly faulty agents is somewhat in the spirit of the analysis in [Eliaz
(2002). There are, however, several differences: first, Eliaz| (2002) considers a complete information environment,
whereas our environments features incomplete information and interdependent values; second, in |Eliaz| (2002))’s
model the possibility of agent’s mistakes affects the very notion of incentive compatibility, which is strengthened to
a condition intermediate between Nash and dominant-strategy incentive compatibility; third, Eliaz (2002]) does not
restrict the space mechanisms, and in that paper implementation is achieved through a modulo game.
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Figure 1: Relations of Environments which Admit Full B*-Implementing Transfer Schemes

. : 1 ks <
B : Equal-externality ¢® works A : Loading t' works

J t which ensures full BY-implementation
C : Canonical t* works

B A

E : J ¢ which ensures weak
strategic impact on opponents

D 3t which ensures weak F : symmetric aggregator with weak

strategic externalities from opponents .
& bp preference interdependence

This diagram illustrates full implementability via different transfer schemes. The relations between different design
strategies are illustrated on sets of environments (pairs of allocation rule and value functions (d,v)), which satisfy
single crossing and public concavity (Assumption SC-PC), and which admit full Bid-implementation for some

transfer scheme.

Definition 9 (F.-rationalizability). Fiz a direct mechanism (d,t), € > 0 and F C I. For any
0; € ©; and Wi € A(@_i X M_i), let

[ BR, (w) ifieF
BRy. (w) _{ BRy, (1)) ifi¢ F

For everyi e I, let RFY =0, x M; and for each k=1,2,..., let R}}i’k_l = ><j¢iRZFE’k_1,

)

RIeh = {(Gi,mi) tmy; € BRgf (i) for some p; € C4PNA (Ri’k_l) } , and RFs = ﬂ RIF,
k>0

The set of F.-rationalizable messages for type 0; is defined as R (0;) := {ml : (0;,m;) € Rfi}.

Rf ¢ represents our model of strategic interaction when players consider the possibility that
agents in F' may be e-faulty. Implicit in this notion is the idea that all agents share a common
bound £ on the mistakes which could be made by the faulty agents. That is because, at each
iteration of the F.-rationalizability procedure, players commonly believe that agents in I\ F' best-
respond to their conjectures, whereas agents in F' may play any report which is within € from their

optimal report. The next definition formalizes our notion of robustness to ‘slightly faulty’ agents:
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Definition 10 (Sensitivity to e-Faulty Agents). Fix a direct mechanism (d,t). For anyk =1,...,n,
let N (k) :={F CI:|F|=k}, and 0’ (¢, k) := Suppe () SUPjes SUDg, co, SUP,., ¢ pP (9,) |m; — 0]
be t’s sensitivity to k agents who are e-faulty, and let n* (¢) = (n' (g,1),...,n* (,n))

In words, the idea is that the designer does not know how many or which agents might be
potentially faulty, and the criterion with which he/she assesses the robustness of the mechanism is
the worst-case scenario across all possible configurations of sets of faulty agents. The measure of
the fragility of the mechanism is therefore provided by the largest misreport consistent with Rf <,
across all agents and all configurations of the set of faulty agents. The next result shows that,
in SC-PC environments with symmetric aggregators, the equal-externality transfers introduced in

the previous section are more robust than the loading transfers this sense:

Proposition 5. [Sensitivity to e-Faulty Players]Under SC-PC and Symmetric Aggregators, for all
e> 0,7 () <’ (g), moreover for alln < k, n* (e,k) < n'' (e, k).

The intuition behind this result is simple: as explained, the loading transfers induce a very
hierarchical strategic structure, in which the contractiveness of the mechanism is completely de-
termined by the two agents with smallest preference interdependence. But loading all strategic
externalities on these agents also makes the mechanism especially vulnerable to the possibility
that precisely those agents turn out to be faulty. In that case, the loading transfers would perform
very poorly. To avoid this risk, and not knowing which of the agents may potentially be faulty,
the safest solution for the designer is to redistribute the strategic externalities uniformly across all
players, so that no player becomes especially critical for the mechanism.

The proof of Proposition 5| relies on the following technical lemma, which characterizes the set

of possible misreports at each iteration of the F.-rationalizability procedure:

Lemma 7. Under SC-PC and linear moment conditions, for given € and F, the largest set of
_ P

1
reports in RZFE is the largest element of the vector [ I—|SEY } ef’, where €

vector such thate; = e if i€ F ande; =0 ifi ¢ F.

€i);er 5 the

6.2 Lower Orders of Rationality and Robust Level-k Implementation

In this Section we consider a different notion of robustness, namely with respect to lower or-
der beliefs in rationality. To this end, it is useful to introduce notation for the set of reports
which survive the k-th round of Bi-rationalizability (def. for a given type 6;: Rﬁd’k (0;) =
{mi 2 (0;,my) € de’k}. To stress the dependence of this set on the specific transfer scheme t,
when needed, we will write R;d’k (0;]t). The properties of the loading transfers discussed in Sec-
tion 4 — namely, that they maximize the speed of the contraction induced by iterating the best

responses, among the class of all B-IC transfers, — also ensure the following result:
Theorem 4. Let t be any B**-IC transfer scheme. Then: de’k (6;]¢") € de’k (0;]t) for all k.

This result is interesting because it points at a different notion of robustness, with respect
to lower order beliefs in rationality: the loading transfers are the most efficient at minimizing
the possible misreports which could arise due to failures of common belief in rationality. This is
an important property, because common belief in rationality (which is implicit in the notion of

rationalizability) is often very demanding, and need not be satisfied in a given environment. If
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the designer is concerned with agents’ sharing lower orders of mutual belief in rationality, then
he would not only consider the sets Ri? (6;), but also (R?d’k (Hi))k o Hence, among two fully
o€

(2

implementing transfers (i.e., both such that R (0;) = {6;}), he should prefer the one which also
id,k

This notion of robustness is connected to the literature on level-k implementation, which has

induces the smaller R:“" (6;) at every k. The loading tranfers are optimal in this respect.
explicitly considered designing mechanisms for players who don’t share common knowledge of
rationality. In particular, in an important recent paper, |de Clippel et al. (2018) have studied a
notion of level-k implementation which, for the class of environments and the direct mechanisms
we consider, can be described as follows: Let p € A (©) denote a common prior, and © = X;¢;0;.
For any direct mechanism (d, t), let ¥; denote the set of strategies o; : ©; — M, (M; = ©, in the
direct mechanism). Each player is characterized by an anchor, «; : ©; — A (M;), which specifies
the message chosen in the mechanism by the non-strategic level-0 type. As usual, let o and a_;
denote the profiles of anchors (with independent randomization across players).

de Clippel et al.| (2018])) introduce the following solution concept for level-k implementation:

m;

Sll (a) = {CTZ' IS V@i,gi (01) € arg Inax/ Ult (mi,a,i (072) ,Hi,O,i) dp (01|91)}
O_;

Jo_; € Sk1 t. V6,
VE>2, SF(a)={0, €3 o-i €527 (o) 8
i (0:)

€ arg maXy, f@ﬂ_ Ult (mi, o_; (9_1') ,0;, 9_1) dp (9_l|92)

Definition 11 (Level-k Implementation (de Clippel et al.| (2018))). A direct mechanism (d,t)

achieves level-k implementation if S* (u|a) = {o*} for every k.

Compared to the previous literature on level-k implementation, |de Clippel et al. (2018))’s
notion is more robust in that it doesn’t rely on the designer’s knowledge of the agents’ levels of
sophistication: implementation is required to be achieved for all k. Their results are also more
general than previous analysis in that they provide results for various anchors «. Their analysis,
however, maintains the classical assumption of a commonly known prior p € A (@)E But this
notion of implementation can be easily adapted to our belief restrictions, B¢ = ((Bgii)aie@i)ief’
by replacing the solution concept in the above definition to the following weaker version:

Vv0;,3b; € B
Sla)={oe%;: b:
0i (0;) € argmaxy, [o U (mi,a—; (0-:),0:,0—;)db; (0—;)

Jo_; € 8"71 (@) s.t. V6;, 3, € By }

VE>2, SF(a)={0,€%;:
o ( ) {U g; (01) € argmaXy, f@,i Ult (mi, a_; (9_1) ,0;, 9_1) db; (0_2)

As|de Clippel et al.| (2018) remark, the behavioral anchors are completely arbitrary, they may
be mechanism specific and may differ across agents. In their setting, however, it is still the case that
anchors o; : T; — Mj; are common knowledge among the agents, and also known to the designer.
A natural strengthening of the implementation requirement would be to allow for different players
to have different views about others’ anchors, or be uncertain over them, or on others’ views

about anchors, and so on. And, most importantly, without requiring that the designer knows each

25Kneeland| (2018) studied level-k implementation both in common prior and belief-free settings. Unlike|de Clippel
et al.| (2018), however, she restricts anchors to be type-independent and equal to the uniform distribution, and she
allows different SCFs (selected from a multi-valued social chocie rule) to be implemented for different level-k’s.
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player’s anchor, nor his beliefs about others’, at any order. If we let possible anchors in each player
©’s mind to be any a_; : T_; — A (M_;) — i.e., also allowing for possible correlations — then we

obtain the following solution concept for robust level-k implementation:

RL} = U S! (a) and
a,ieA(M,i)T—i
vE> o RLE { . Jo_; € RL¥* s.t. V0;,3b; € B! }
Z 4 i — YOi i

g; (9,) e arg mMaXy,, f@—z‘ UZt (m,-,oz_i (G—i) 702', 9_1) dbz (9_1)

Definition 12 (Robust Level-k B‘“-Implementation). A direct mechanism (d,t) achieves robust
level-k Bi-implementation if RL* = {o*} for every k.

It is easy to verify that, for every k, o; € RLF if and only if o, (6;) € de’k (0;) for every
0;. Hence, if one wishes to obtain full implementation for every k — i.e., level-k implementation a
la |de Clippel et al. (2018), but in the much more robust specification for what concerns agents’
anchors — then one needs to obtain implementation in B-dominant strategies, because it requires
Réd’l (0;) = {0;} for every 6,. If that can be obtained, as for instance |Ollar and Penta; (2017) show
in SC-PC environments with independent or affiliated common priors, then the result follows for all
levels, and hence interim B-Dominant Strategy Incentive Compatibility (iDSIC) characterizes this
notion of robust level-k implementation. But iDSIC is very demanding, and in particular under the
Bid-restrictions it cannot be satisfied outside of the very special case of private values. It is then
natural to ask what is the best that one could obtain, if such stricter notion of implementation
cannot be obtained for every k. One possibility is to ensure that, for each k, the R:d’k—sets are
as small as possible around the truthful revelation profile. The result in Theorem [] addresses
precisely this question, and implies that the loading transfers introduced above are optimal with

respect to this notion of robust level-k B-implementation.

Appendix

Proof of Lemma [2| Assume that ¢ ensures B*-incentive compatibility which, by #’s differentia-
bility, means that for all ¢ and 6;

dby, =0 for all by, € Bgi_i,

3mi

/ 6(’0z (d (mi,ﬂ_i) ,9) +ti (ml,e_l))
o_;

or rearranged,

/ atl (mz,9_l)db97
0_;

I for all by, € By’

— / avi (d (mi7 9—2) 79) dbel
O_;

m; :Gi mg :97,

The canonical transfer ¢} also satisfies this equation, thus for the difference between ¢; and ¢},

Ei (821 (ti (mi, 0-3) — 7 (my, 9-1’))) ‘ =0 for all (6;,by,) : by, € By?.

Let the difference between t; and tf be D; (m) := t; (m) — tf (m). By the smoothness assump-

tions of this Lemma, D; is differentiable. Consider the part of D; that is independent from m
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and let this part be do; let its part that is independent from m; be 7; (m_;) := D; (m) — dp —
Jo" 821 (s;,m_;) ds;, and further let G; (m) := D; (m) — 7; (m_;) for all m.

Bm,-

' Then, the previous displayed equation can be rewritten such that for all fixed 6;

0G; ;
Ebe: (6mi (05, 92)> =0 for all by, € Bj.

By the definition of D; (m) and by setting K; (m;,m_;) := gfr’:’ (mi,m_;), the transfer ¢;
takes the form ¢; (m) = t; (m) + 7 (m—;) + [, K; (s, m_;)ds; for all m. Moreover, if (d,t) is
twice differentiable, then by the definition of canonical transfers ¢* is twice differentiable too, and
therefore K; is differentiable. Since K is differentiable in all its arguments, 7; is differentiable too,
which completes the proof of the necessity part of this Lemma.

If (d,t) is twice differentiable and ¢ satisfies the characterization in @ and the expected value

condition in , then

Eb. <5Ui (9;0)) = B (5“1’

o 6:6))

om; om; i
ov; ot
_ bei T 3 . bei . .
=F <(‘3mi o, (9,9)) + 0+ E%i (K;(0;0))

5’1;@

_ Ebei <(‘;91}7 (9’9) —

o o (9;9)) +0+0=0,

and thus the message m; = 6; is an extreme point. For all beliefs in Bé‘j, the corresponding
expected utility, by assumption, is strictly concave, therefore this extreme point is a global optimum
for all beliefs in B}f, and thus (d,t) is B*¥-1C which completes the proof of the sufficiency part of
this Lemma. W
Proof of Theorem [l

Step 1: (Properties of K;s for Partial Implementation) If K; : M — R satisfies condition
in Lemma [2| then it’s derivative satisfies that E%: (0K, (6;,0_;) /Om;) = 0 for all §; and for all
bgi S Bg,‘j

To show this step, recall the expected value condition in Equation [§] in Lemma [2] that is,
Ebe: (K, (0;,0_;)) = 0 for all 6; and for all by, € Béf. Fix p € B}f. It is a consequence of
identicality that if p € Bj, then p € Bj for all 0] € [0, 0], that is E? (K, (6;,0_;)) = 0, which then
implies that for all 6;, EP (0K (0;,0_;) / Om;) = 0, and this holds for any p € Béf, which completes
the proof of this Step. I

Step 2: If (d,t) partially implements d, then by Lemma [2| ¢ can be written as in , and
hence — letting U* denote the payoff function of the canonical direct mechanism — for any #; and
be, € B4 we have:

E: (OU; (05,0_3;6;,60_;) /Om;) = E%: (OU} (0:,0_::6;,0_;) /Om;) + E%: (K; (0;,0_;)), and
Eb: (9%U; (0;,0—450;,0_;) /0*m;) = B (9?U;F (0;,0_:;0;,0_;) /0*m;) + E* (OK; (0;,0_;) /Om;) .

Now, condition and Step 1, respectively, imply that the second terms on the right-hand side
of both equations are zero. Hence, the first- and second-order conditions of the agent’s optimization
problem, for all beliefs in B are equivalent in (d,t) and (d,*), which prooves this Theorem. B
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Proof of Lemma Setting K; := L; — f; in Step 1 of the Proof of Theorem [2| below, which
gives the characterization of B*?-consistent K; functions, implies this Lemma. H
Proof of Lemma PART 1. Fix 6; in (Q, 9) and examine the k-th round of eliminations: fix
m; € RF(6;). Since (d,t) is B — IC, 6; is best-reply to truthtelling conjectures. In particular,
consider a truthtelling conjecture which is concentrated on R’:l, let this conjecture be pup. For
m; too, there exists a conjecture which supports m; as a best reply and is concentrated on Rﬁ;l.
Let this conjecture be pr,.

Note that any k-th-round best-reply m; is either inner point or a boundary point. Let b; < b,
be the boundary points of the set of k — 1-rationalizable messages of 6;. Let E*U; (m;;0;) denote
the expected utility of type 6;, given this type’s conjecture u, when reporting m;.

First, if m; is an interior point, then we have that

= aiEHLU (ml, 1) 8 E“LU (01,9 )+ &E”LUi (91,91) — 81'EMTUZ' (01,91) .

difference due to own action difference due to external (others’) actions

Examining these two differences, notice that applying a mean value theorem to each of these

two differences gives that there exist s; and m_;,s_; € R’:l (6_;) such that

—0ZE" U (si505) ( = 0}U; (0i,5-3:0) (m; — 0;).
JFi

Second, if m; is boundary such that m; = b;, then, because m; is best reply,

_aiQiEuLUi (Si;ez Z 9175_“9) (m]‘ —9]').
J#i

Third, if m; is boundary such that m; = b,, then, because m; is best reply,

—O5 B U; (55;0:) (mi — 0;) <> 05U; (6i,5-430) (mj — 6;) .
J#i

Given the sign of 92U, and the respective signs of (m; — ;) in the latter two cases, we can
summarize that for, either boundary or inner, m; € R¥ (6;) there exist not-yet eliminated messages

Si,S_;,m_; such that

5B U, (5650) [ (ms = 0,) | < | D 05U (B3, 5-5;0) (my — 05) .
J#i

From this, for each agent j and round k, letting 1% := L ) |6; — m;|, we have

0i,5_3:0) 157"
|m1791|<2]#| ( )|]

< [|SE!iF1]. .
- |8Z-2iEHLUi (si36;) | < 155" L

Since this inequality holds for all k£, we can apply it iteratively, which gives that in the kth
round for all m; € R¥ (6;),

Imi — 0;] < [|SE* 171, < [ISE'||SE"1F7?], < ... < [ISE'*1],.
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By the eigenvalue condition, the spectral radius p (|SE!|) < 1, and thus |SE?|* — 0 in k, and
thus for all i, [¥ — 0 in k, and thus full B*-implementation follows. [J

Before we proceed to Part 2, we show in the next step that under a B*-implementing transfer
scheme the step-by-step iterative eliminations result in sets of k-rationalizable strategies, whose

sizes reflect the canonical externalitites. (This step is again used in the Proof of Theorem [2| below.)

Step 1: (Iterations and Canonical Externalities.) Consider a twice differentiable, B*-IC direct
mechanism (d,t). In relation to the canonical direct mechanism, for all §; there exist message

profiles st and s such that the message

0; + Y is OB BP0 U (s7:0,) 150"
' 03B Uy (s7565) |

proj
R;.:d,k—l(et)

is in de’k (0;), and there exist message profiles s~ and s~ such that the message

0. _ Zj;ti aiijGi Ui (s75065) lff’*
T RRET (6]

proj
RiTETN(6:)

is in Rﬁd’k (6;) too.

To show this Step, fix 8; in (Q, 9) and fix some type 6, € (Q, 9) and some message m, € (Q, 9)
for i’s opponents. Since ¢ defines a B — IC mechanism, 6; is best-reply to truthtelling conjectures.
In particular, it is best-reply to the conjecture which, for every j # i, assigns probability 1 to the
event that 6; = 0, and assigns probability 1 to the event that all opponents are reporting their
types. Let this - concentrated truth-reporting - conjecture be pup. There exists also a message of ¢
which is best-reply to the conjecture that assigns probability 1 to the event that §; = 6, and assigns
probability 1 to all opponents reporting m, regardless of their types. Denote this undominated
strategy by m; and let this - concentrated m,-reporting - conjecture be py. Note that both urp
and p, are consistent with B¢, Consider the message m; which is best reply to pr,.

First, if m; is an interior point, then we have that
0= @E’“ Uz (mi; 91) — 8¢E”TUi (91‘; 91) = &;E“L Ui* (mi; 92) — @E“TUZ»* (9“ 92)

= BZ-E“L Uz* (mz, 91) - BZ-E“L U;k (91, 91) + 8ZEML U,L* (91, 92) - 3ZE“TUZ* (97,, 91),

difference due to own action difference due to external (others’) actions

where the first equality holds because of the canonical - additive - representation of (d, t) in Lemma
and the characterization of the belief-based terms in Step 1 of the Proof of Theorem The
conjectures ppr and pp are constructed such that they satisfy identicality on the margins of the
messages too.

In this Proof, we simplify the notation of those profiles in which opponents’ elements are
identical in that instead of (s, ..., So, 05, So, - - -, So) We write (Oi, s‘ii).

Examining the two differences above, notice that by the mean value theorem, there exists s;
such that

O EPEUS (my; 0;) — O, EPEUS (0530;) = OZEMEUS (s4;0;) (my — 05)
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and there exists s, such that

O EFLUT (05;60;) — 0 E*TUT (0::60;) = > _ 05U (6
J#i

£0,,0%,) (my — 6,).

_Zy

Note that any k-th-round best-reply m; is either inner point (as above) or a boundary point.
Let b; < b, be the boundary points of the set of k — 1-rationalizable messages of ;.

Second, if m; is boundary such that m; = b;, then, because m; is best reply,
0 2 81'EHL UZ (mi; 01) - GZ-E“T Uz (91, 91) = C’)iEHL Uz* (mi; 91) - 8Z-E“T Uz* (92, 91) s
which, following the steps as above, gives that there exists s; and s, such that

0> OZE" U (s4:60:) (mi — 0;) + Y OFUT (05,5°505,0%,) (mo — 0,) .
J#i

This gives that m; = b; only if there exists profiles such that

6; -

Zﬁfl alzj (9“ 5170( 02 ) (mO - 90) <b =

82 ErcU? (s450;)

Third, if m; is boundary such that m; = b,, then, because m; is best reply,
0 < 0;E*U; (my;0;) — 0, E*"U; (0;;0;) = O, E** U (my; 0;) — O, E*" U7 (653 0)

which gives that, for some profile,

> 5‘2 0;,5°,;:0:,0%,) (mo — 0,
; — =1 2( ) )Zbuzmz‘-
OZEHLUY (543 0;)

We summarize these three cases and note that, for every 6;, one can set 6, and m, such that
-0, = l’-c_1+, which gives that there exists s, and s; such that

. S OZUTF (0:,5°.505,00,) 1, .

m; = proj |6 — ZF T W € R (4,),
de’kfl(Q) |auUz (S“ —z’ 3] ) ‘

Now, for every 6;, it is also possible to set 6, and m, such that m, — 6, = —li;l’_. Considering
the corresponding k-th round best reply m; being interior or boundary, and following the previous

steps we have that there exists s/ and s} such that

Z]#Z 812] (91,8_“9 9° )lﬁgl,_
)]

m; =  proj 0; + € Rﬁd’k (0;),

. 2 TT*
R;d,k—l(ei) |8“UZ (8 mfl,

which, completes the proof of this Step. [J

PART 2. In SC-PC environments, for transfer schemes with linear moment conditions, the re-
sulting payoff functions are such that the second order derivatives are constants. Let G; be t’s mo-

ment condition-based part and since it is linear for all ¢ it can be written as G; (m) = L; (m_;) m; =
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D iz /\jmjmi@ Then, the second order partial derivatives are such that 0;;Uf (m;0) = 03U +X;
and they are therefore constant in 6 and m, for all ¢ and j.

Let I¥ € R™ be the vector of the largest distance between kth round rationalizable strategies
of the agents. Then, one can show that in every kth round of iterations, the set of rationalizable
sets are not only bounded, but - by applying Step 1 and by the assumption SC-PC - are precisely
given based on |SE!| such that:

R} (6;) = [6; £ [|SE'|*I* ] ] nRETN(6:)
where in this special case, SE}; = 0;,U{ /07U if j # 4. This means that the size of kth round
rationalizable sets, RF (6;) — 0 if and only if the spectral radius p (|SE!|) < 1. B
Proof of Lemma [5l

Step 1: (Belief-Based Components under B%?: Characterization) A differentiable function K; :
M — R satisfies the expected value condition in if and only if it can be written as

Ki(m)=>_m{> Hf (m;)

k=0 J#i

where {Hfj} are polynomials Hfj : M; — R such that

j#i,keN
for all m_; for which m; = m; for all j,1 # i : ZHZ (m;) =0.
J#i

To show this step, assume, that K; satisfies the expected value condition in under B,
Since K; is a continuous function, it can be approximated by Bernstein polynomials such that
K; (m) = lim,_y00 yn_o K; (m/1) by, (m). Since K; is bounded, this polynomial expression can
be reorganized into a power series of m; and thus there exist polynomials Hy : M_; — R such that
K (m) = 352 H (m_;) m.

In the next two sub-steps, we show that, since K; satisfies the expected value condition in
under B, these Hys are additively separable and at identical profiles, they are 0.

Step 1a: (Each Hy is additively separable.) From the polynomial format and since K; satisfies
the expected value condition, we have that for all k, E*: (Hy, (6_;)) = 0 for all beliefs by, € By for
all 0;. Fix a type ;. Assume, by way of contradiction, that Hj is not separable in its variables.
More specifically and without loss of generality, assume that H}, is not separable in its first argument
and, to avoid confusions in indexing, refer to this agent as j. This step relies on comparing
two constructed joint distributions which both represent identical distributions but one of them
represents perfectly correlated random variables, while the other one represents independence; that
is, the jth random variable is independent from the other n — 2 variables while these n — 2 variables
are again perfectly correlatedm

By the assumed non-separability, there exist 8% € [0, 0] and 62 € [, 0] such that 6! # 62 and

Hy (0,02,...,0%) — Hy (62,6°,...,0%) # Hy, (01,6",...,0") — Hy, (6%,6",...,0"). (17)

26To ease notation, we may write 81.2J.U1?5 (m; 0) for 02U} (m;0) / (Om;Omy).
27This proof can be seen as a proof by coupling, a proof technique typically applied for topics that involve Markov
chains and other finite or nonfinite discrete probabilities, but here applied for distributions over continuous support.
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Consider the following two joint distributions over ©_;. Let p®"" be such that it prescribes
perfect correlation for all agents in I\ {i}, and let p9°’ be such that it prescribes perfect
correlations for all agents in I\ {i} except for j, where j’s type is independent of the others’

types. Let these two joint distributions further be such that on all their margins, they are equal

CcorT

and concentrated on the two specific values 0 and 6% such that for all k # i, margg, p
margg, pnder and on 6 margg, p°’" ({Gk = 91}) = margg, pindep ({Hk = 91}) = 0.5, and on 62
margg, p"" ({0 = 6°}) = margg, p™* ({6, = 6?}) = 0.5. Observe that both p°" and p""9°?
are available under the belief restrictions B¢, formally, p°°™" € Bé‘j and pnder ¢ Bg‘j. For ease of
notations, let p be a probability measure over [0, 6] such that p ({6, = 6'}) = p ({6x = 6?}) =05
and let f, be p’s distribution function.

CcorTr

Consider the perfectly correlated joint distribution p®°"™™, and observe that

Epcorr (Hk (971)) _ Hk ( ('orr _ / Hk: 79) fpd9 _
()—1

= 0.5H (0',60",...,60") + 0.5H, (6°,6°,...,6%).

Consider the joint distribution, with independence from 6;, pi"9°P| and observe that

indep

()—z
EP"T (Hy (0-1)) = Hy, (0;,0_;_;) dp™der = //Hk9,9,9,...,9)fp-fpd9jd9:

=0.25H,, (6",0",...,0") +0.25H, (8',6%,...,0%) + 0.25H, (6°,0",...,6") +
+0.25H;, (6°,6%,...,0%) #
#0.5H; (0',0',...,0") + 0.5H, (6°,6°,...,6%).

The last negation follows from Equation (|1 , which recall was the consequence of non-separability,
and this negation implies that E?"""7 (H (Hy (0-;)) # EP

tradiction that K; does not satisfy the expected value condition. And therefore, H; must be

corr

(Hy (6—;)), which would imply the con-

separable.

Step 1b: (Each Hj gives 0 at identical profiles.) Fix a type 6;. Consider beliefs of ¢ which
are identical point-distributions; distributions which are concentrated on the same type of all
other agents. Formally, consider a belief by, such that, for some 6§ € [0,0], the probability
bo, ({6; = 0 for all j #i}) is 1 for all j # 4. Then, by, is included in Bj? %, moreover such point-
beliefs exist for all 8. Fix this (independent) point belief by,. The expected value condition implies
that for the polynomial format 0 = Y77 E%: (Hy (6—;)) 0% and thus for any k E%: (Hy, (6_;)) = 0.
At identical profiles as represented by by, , this latter means that Hy(0,6...,0) =0 for all d € [0, 0],
which proves that the Hy, are 0 at identical profiles.

To prove the other direction of this Step 1, assume that K; satisfies the two conditions above,
that is Hys are additively separable and Hys give 0 at identical profiles. For a type 6; and belief
b, € Béf, by the separability of Hys and by the boundedness of K;, the conditional expectation
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is such that

Eb: (K; / ZHk 9kdb9_/ ZZH;W ) 6% db,

—t k=1 O-i = 1 j#i
_ZZ [/ Hy; (0 dmargb9]9 (18)
k=1 j#i

Let p denote the identical distribution over [6, 6] such that p := margg, be, for all j # i. With
this notation, Equation is

Eb: (K, ZZVH,W ] =/0i;fﬂm )0Fdp = /K@l,aa .0) dp,

k=1 j#i

and the two conditions,

6
R (K /K 9,0,9,...,0)dp:/ 0dp = 0.
0

and thus K; satisfies the expected value condition under B*¢. O

Step 2: (Properties of K;s for Full Implementation) If K; satisfies the expected value condition
in[7} then based on the characterization in Step 1, we have that

(1) OK; (miym—;) JOm; = S5 kmbE™! S HE (my) = 3202, Em% =10 = 0 for all m; and
m_; such that m; = m; for all j,1 # ¢; and

(2) 32,4 (0K (my,m_y) Jom;) = ¥, (zk omE Y, HE (ms)) — 0 for all m; and m_;
such that m; = my for all 5,1 #i. O

Finally, if (d,t) is B'e-IC, then by Lemma [2 there exist K; : M — R which satisfies the
expected value condition in E and is such that U} (m;0) = U (m;0) + [ K; (s,m_;)ds. This
equivalence and the two properties above in Step 2 complete the proof of this Lemma. B
Proof of Proposition [1} If (d,t) achieves full B*-implementation, then Lemmasand applied
to SC-PC and linear moment conditions, imply points (1.) and (2.) of this Proposition. In the
other direction, if (1.) and (2.) hold, then (2.) implies that ¢;’s belief-based term defines a moment
condition which satisfies the three conditions of Lemma |3} and thus (d,t) is a B*¥-IC mechanism.
Therefore, (1.) implies full B‘-implementation which completes the proof of this Proposition. W
Proof of Theorem [2| To prove part 1 of Theorem [2] it is useful to characterize the resulting set

of strategies from the step by step eliminations of B*-rationalizability.

Step 1: In every round k, for all ¢ and 6, the set of rationalizable messages R::d’k (0i|tl) is a

closed interval around 6;.

To show this, note that by construction 6; € R (6;]t') and assume that my, mo € RiF (6:]¢").
Then, there are conjectures for which these messages are best replies, that is, there exist u; and
1o which are consistent with the k — 1-st round and with identicality such that m; is best reply to
u1 and my is best reply to po. Now, any convex combination A € (0,1), Aug + (1 — X) o is also a

conjecture which is consistent with the k& — 1-st round and with B*. Let my denote the best reply
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to this conjecture, which exists by the boundedness (which is implied by the differentiability) of
v,d,t'. Then, my is continuous in ), therefore the closed interval [m,, mg] C RI** (6;]t') and thus

this set is closed and compact. [

Recall that agents are ordered according to the absolute value of the ratio of the sum of
their canonical externalities and own concavity, from the lowest to the highest, such that &;; :=
U} | (Om;Omj) = — (82vi/8x80j) -(0d/06,), & = Z#i &ij /& and [&1] < [&] < ... < &
Recall that under SC-PC, these canonical externalities and the cross-derivatives in the resulting

payoff functions in the loading mechanism (d, tl) are constants.

Step 2: In the loading mechanism, in every two rounds, the rate of shrinkage of the best reply

sets in the iterative eliminations is |£1&5] for all agents.

To show this step, consider the loading direct mechanism (d, tl) and the iterative elimination
process of Bie-rationalizability.
In the first round of iterations, the size of the intervals which contain the strategies that survive

the elimination derive from the loaded externality matrix such that:

[0 & 0 ... 0 [0y +£1]Nn7[0,1] ]

& 0 0 ... [0 £ &) N[0,1]
SE'=] & 0 0 ... 0| and [Rﬁd’l (@ltl)],I: [05 & &) N [0, 1]

. . . . . 1€ .

(& 0 0 ... 0 | Bat&]N[0,1] ]

In the second round of iterations:

[ 66 0 0 ... 0] [ [9li§1§Q]mR§d’1 (6:]t") ]

0 && 0 ... 0 [92i§1§2]mR;d71 (6=1t")

(SEN = | 0 @& 0 . 0| and [R' ()] = | BaEa&l R (Balt!)
0 && 0 ... 0] L [0 &8 N RIS (0t |

In the third round of iterations:

0 f%fg 0 [91 + f%gg] N Rz{d’Z (91|tl)

& 0 0 (62 £ &163] N R (6a]¢)

(SEN’ = | &&& 0 0 and [B* (0ft')| = | 62 £ 666l N R (Balt!)
| &&& 0 0 ... 0] | [0 £ 668N RS (0,1t |

In the forth round of iterations:
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[ ¢2¢2 0 0 ... 0] [ [0 £6263] N RV (01])
0 &g o 0 (02 £ €2 N R (6t
(SEN' =] 0 &g 0 0 | and [R™ (6:)¢')] = | [ttt NR;" (6s]t')
. . . /LE .
0 &6 0 ... 0 | | [0n £ €266, N R (0,]t1) ]
In the fifth round of iterations:
0 &2 0 ... 0| (01 + €3¢3] N R (04]t))
£2¢3 0 0 ... 0 (02 + €3¢3] N R (62]t))
(SEN)’ = | €66 0 0 .. 0| and [R(6)] = | [ &ieie] 0B (Balt!)
. . /Le .
&8s, 0 0 ... 0| | [0 62636, N R (0,11 |

And so on, in the k-th round of iteration, the size of the intervals which contain the strategies
that survive the elimination derive from the loaded externality matrix to the power k and, if k is

even, these intervals are given by

01+ €725 R (0,1
0y + €47765/2] 1 R (6,
[t ()] = | [pa £ €266 R @) |

i€l

| [ =2 e 0 R (6a18)

and, if k£ is odd, these intervals are given by

91 + §§k+1)/2§§k71)/2 N Rz_‘d,k—l (91|tl)
0, idkil)/2€£k+1)/2 ﬂRid’k_l (92|tl)
[de,k (l9¢|tl)} _ [63 iék—l)mgék—l)/?gg} n de,kfl (93“1)

iel

|:9n igik—l)/Zgék—l)/Zgn} mde,kq (9n|tl) ]

In words, this means that in every even round of iteration, for each type of agent 1, the
rationalizable set is either given by the previous rationalizable set or it is shrank to |[€3] of this set
and, for each type of agent j ## 1, the rationalizable set is either the previous rationalizable set or
it is shrank to |€;] of this set. The alternate holds for every odd round of iteration: for each type
of agent 1, the rationalizable set is either the previous rationalizable set or it is shrank to |£;] of
this set and, for each type of agent j # 1, the rationalizable set is either the previous rationalizable
set or it is shrank to |&2| of this set. Combining the conclusions for odd and even rounds, we get
that in every two rounds of iterations, for each type of each agent, the rationalizable set is either

unchanged or it is shrank to |£;&2| of this previous rationalizable set. O
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And thus this step implies that if the sum of canonical externalities is such that |£1&2] < 1, then
the size of the k-rationalizable sets converges to 0, and R (6;]t') = {6;} for all i for all §;. On the
other hand, if |¢&,&5| > 1, then |€] > 1 and in every round k, R (62]t") = [62 =1]N[0,1] = [0, 1],
in other words, all reports remain rationalizable for all types of agent 2 (and for all agents with
an index larger than 2, too) and thus full implementation via # fails, which completes the proof
of Part 1 of this Theorem.

To show the second part of this Theorem, we need to show that the allocation function d is
B“-implementable if and only if it is B*¥-implementable via the loading transfers ¢ in Equation
The if part is straightforward. The only if part, as we show next, relies on the fact that in
any B*%-implementing direct mechanism, the externalities can not be reduced beyond the sum of
externalities in the canonical direct mechanism. The consequence of such irreducibility of exter-
nalities is reflected in each k-rationalizable set from the the step-by-step iterations, by Step 1 in
the Proof of Lemma @] This Step, in a more general setting without assuming SC-PC, shows that

the canonical externalities are inherent in every iteration of B'-rationalizability.

Step 3: We use Step 1 in the Proof of Lemma [4] to show that in every round k, for all i and
0;, the set of rationalizable messages of the loaded direct mechanism R;d’k (0i|tl) are contained in

Réd’k (6:]t), for any partially implementing direct mechanism (d, t).

To show this, fix a direct mechanism (d,¢). Under SC-PC environments, Step 1 in the Proof
of Lemma [4] implies that every k-rationalizable interval of 6; of any implementing (d,t) direct

mechanism contains the following set:

y Ef?j 0 —&i - 1251’7,91' + & lf;l’Jr C R (0i]t).
Ry (0:]t)

Recall that lﬁ;1’+ is the largest distance between positive misreport and the true type, which
can arise for all opponents of i based on the previous round of iteration and lﬁ ;1’_ is similarly this
largest distance for negative misreport.

Next, we compare the k-rationalizable sets of (d,t) to the k-rationalizable sets of (d,t'), where

the latter sets are already given in Step 2 of this proof. In particular, for the first round of iteration,
[0; — €, 0; +&]N[0,1] € R (,]t).
For the second round of iteration,

[01 — &1&2,01 + 616N 0,1] C Rﬁd’Q (0;]t) ifi =1 and
[0; — €61, 00 + £ N[0,1] © R (0,]t) if i # 1.
For the third round of iteration,
61 — &1 (6162) .61 + & (626)]N[0,1] € R (G;]t) if i = 1 and

[0; — & (£162) , 0, + & (6262)] N [0,1] C RS (0;t) if i # 1.

For the forth round of iteration,
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(01 — & (663) .01 + & (8€3)] N[0,1] € RI“*(6;t) if i = 1 and
[0, — & (€3¢2) 0 + & (€1€)] N [0,1] € R/ (6:t) if i # 1.

Observe that in these expressions on the left hand side, the iterated sets derived based on
Step 1 in the Proof of Lemma [4] for every k coincide with the iterated rationalizable sets of the
loaded direct mechanism (d,t'), and thus by induction, for all &, R4k (6;]t") Rk (9;t) for
any partially implementing direct mechanism (d, t), which completes the proof of this step. O

Since, as we assumed, (d,t) achieves full B*-implementation, by the containments, we must
have that as k — oo, |R§d’k (9i|tl) | = 0, and thus (d, tl) achieves full B-implementation too. W
Proof of Lemma @ By the Gershgorin circle theorem, both under condition (i) and (ii) the
absolute value of all eigenvalues of |SE?!| are smaller than 1, which by the eigenvalue lemma in
Lemma [ ensures full B*-implementation. W
Proof of Proposition The equal-externality transfer scheme t¢ under the assumption of
SC-PC is B-IC. Moreover, t¢ induces a strategic externality matrix which is such that for all
i,j # 14, SEf; = (Z#i a‘f—géj %) ﬁ For this externality matrix, notice that condition (i) of
this Proposition implies condition (i) of Lemma [6} and condition (ii) of this Proposition implies
condition (ii) of Lemma |§|7 and thus by Lemma |§|7 full B**-implementation follows. W
Proof of Proposition Under SC-PC, t¢ ensures B*-incentive compatibility. Next, we show
that t¢ ensures full B*-implementation too.

First, assume that there exists a transfer scheme ¢ which ensures full B-implementation and
limited strategic externalities as in (i) of Lemma [}

By the characterization of belief-based terms for B?-IC in the Proof of Lemma |5| there exists
(m,0) for which ., SE}; (m;0) = Dt SE;‘J-E Next we show that ¢® induces an externality
matrix which satisfies the conditions of the eigenvalue lemma in Lemma [4 By construction of ¢¢,
D SEGN =250 12052 SES/ (n—1) | = | 32,4, SEY|. And thus, there exists (m, 0) such that
>z ISEGI =132 SEL (m; 0) | <37, I1SEL; (m;0) | < 1. The latter strict inequality holds by
(i) of Lemma [6| and thus by the Gershgorin circle theorem, p|SE¢| < 1 and thus by the eigenvalue
lemma, Lemma 4] ¢ too ensures full B**-implementation.

Second, assume that there exists a transfer scheme ¢ which ensures full B*-implementation
and limited strategic impacts as in (i) of Lemma [6]

By the characterization of belief-based terms for B-IC in the Proof of Lemma |5} there exists
(m, 0) for which |32, > 5 SEG| = [ Xier 224 SE;(mi0)] < Yieq D |SE;; (m;0) ] and
thus, by ¢ satisfying (ii) of Lemma @ | ier 2oz SE| < n and writing this with the total
externality notation, ), ;& < n. Now, consider the absolute externality matrix induced by the
equal-externality transfers t¢. In what follows, using the Perron-Frobenius theorem, we show that
this matrix has a spectral radius which is less than 1. |SE®| is a non-negative matrix, with zeros
in its diagonal and by its construction, for all ¢ and j # 4, [SE®[;; = | >_,; SEf;|/ (n — 1), in other
notation, |SE®|;; = ||/ (n—1). Let p denote the largest eigenvalue of this matrix. (Assume
that &;s, the absolute total canonical externalities, are ordered as before, based on their absolute
values, from the smallest to the largest.) By the Perron-Frobenius theorem, there is a positive

l-norm vector v € R™ such that pv = |SE¢|v. The componentwise consequence of this is that,

28(Closely related to the externality matrix, in this proof, we let Si(;.) (m;0) := 3%. Ui(t) (m; ) /62 Ui(t) (m;0).
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v
g'i]

AEL V, which also implies that if |§;| < |{;|, then v; > v;. Adding up these

%7 which is a weighted harmonic mean of
e

&is with Weights v;s. And thus from a weighted harmonic mean — arithmetic mean inequality,

for all 4, p% =

n equations and expressing p, gives that p =

p= T <D e Z |£l\ Since larger |¢;|s have smaller weights, this latter expression is
JEI [&] jel

bounded by the average of |§i\s, and thus p < 7., % < 1. Recall from above that, the latter
strict inequality is a consequence of t satisfying (ii) of Lemma @ Therefore, by the eigenvalue
lemma, Lemma {4} t¢ ensures full B**-implementation. W

Proof of Proposition |4, Observe that, under symmetric aggregators in valuations, >, £i %

is the same for all agents:

82'01' o 2 ahZ 02 _
%;i 9200, 2 Oz, pw 90, —&;,hw 69 = 02w Z 20, 7 for all j

2.
= 88 8”; for all ;.
iy OOV

Observe also that, under symmetric aggregators in valuations, 88289 is the same for all agents:
0%v; oh; Oh;
=02 0w~ =02 7 for all
0200, o9, ~ Jrn gp, tor Al

2

8 ’Uj .
= 9200, for all j.

To prove part 2 of this proposition, recall the characterization of Theorem [2] which says that

an increasing allocation function is full B¥- implementable if and only if |£1&2] < 1. This latter

condition is equivalent to | > %8”91 DI ax 69k | < 68;5’911 . a?czav;k . Under symmetric aggregators,
2

this latter inequality is equivalent to |, 4i 890 aek | < aigé_ for all 7, which completes the proof of

this part.

To prove part 1 of this proposition, note that from Theorem [2] if the equal-externality mecha-
nism (d, t°) achieves full B*-implementation, then the loaded direct mechanism (d, t') achieves this
too. To prove the other direction, note that if the loaded direct mechanism (d tl) achieves full B*9-

8%v;

implementation, then by the previous part of this proof, we have ‘Z ki Droby | < a:% for every i,

and (i) of Proposition implies that the equal-externality transfers ensure full BZd—lmplementatlon

too, which completes the proof of this part. B

Proof of Proposition 3} Fix a and fix an SC-PC environment (dPC, vPC). Consider an environ-

ment (d,v®), which is a-close to (dP ¢ WP C). In this environment, consider the direct mechanism

given by the transfer scheme in Equation [T3]
£ (m) = £ (m) + L7 (mi) i

These transfers feature an additive modification of this environment’s canonical transfers, and
the additive term is defined by what the loading modification would be in the a-close SC-PC
environment (dPC, vPC).

First, notice that this direct mechanism is B*-incentive compatible. This is so because t*
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is incentive compatible and because under the belief restriction of identicality (identicality and
independence), in the first order condition, E: (Lgl’PC) (H_i)> = 0 for all §; and for all 7, more-
over the second order condition is the same as the second order condition of the canonical direct
mechanism, which by assumption is negative, and thus ensures optimality.

Second, we show that there exists ag > 0, such that for all smaller « > 0, the direct
mechanism t¢ guarantees externalities which satisfy the eigenvalue condition of the eigenvalue
lemma, Lemma To this end, fix a such that 0 < « < min; [§;]. To study the external-

ity matrix of the direct mechanism (d,t%), notice that, because of a-closeness, for all (i,5) €

(L,2),(2,1),(3,1),...,(n, 1)}, [SE*;; = ::;;ngl'gég;g::g), < ‘Zlgjlfi;”a —: |&Y;;, and for all
other (7,7) such that i # j, |[SE%|;; = 2?2:5"%5;((25))” <@l = |EY|ij. Let |EY]i; := 0 for
all i € I. Based on these definitions, if @ — 0, then element-wise, |[SE®| < |EY| — |SELPC|,
where the latter matrix is the loaded externality matrix in (dP ¢ P C). Since (dP ¢ of C) admits

full B*-implementation, by Theorem [2, p (|]SE"FC]) = \/&& < 1. And thus, by the continu-
ity of the spectral radius, there exists ag > 0 such that for all & < «ag, p(|€Y]) < 1, and thus,
p(|SE*) <p (\5av|)|f|, therefore, p (|]SE®|) < 1 too. And thus the eigenvalue condition of Lemma
holds and it implies that for all a < ag, for an a-close environment (d%, v®), the transfers %, as
given in Equation [13|ensure B*-Implementation. W

Proof of Lemmal 7} Recall that it is the consequence of SC-PC and linear moment conditions that
in the utility functions of the direct mechanism (d, t), the second order derivatives are constants.
Formally, let G; be t’s moment condition-based part and since it is linear in m; for all ¢ it can be
written as G (m) = L; (m—_;) my; and 93;U; is constant in @ and m, for all i and j. Then, for any
e C’g;d, adding and subtracting L; (971), applying Leibniz’s rule and the triangle inequality, we
have that

’aEU;; (Qi)‘ _

8vi 8vi od
/éixMi <6I (d (ezamfz)ye) - 6I (d (ezamz)yewmz)) 6791 (ezymfz)

3mi
+ Li(m—i) = Li (0-i) + Li (0—:) — fi (6:) du

+e. (19)

g Z‘@m ;0m;

—mj|d,u+€<2‘
_ixM_; iz

8m18m]
These inequalities hold with equality when the RHS is projected to the [0, 1] interval for a conjecture
1, which is concentrated on profiles such that §; —m; has the opposite sign as the partial derivative
and is of distance one. [check such p conjecture is valid].

For any m; € R?’l (0;), there exists p € CQBZ, such that m; € BRgi (u), fix this . Since m; is best
reply, it minimizes the first-order partial derivative. Using (19 , by the concavity of the expected

., . . 5 oEUY oEU!
utility function, for this u € Cy, we have that | == (m;) — —5 (0:)| < >0, 6m Ui_|+e By
K3 7 J
. 82 52U,
the mean value theorem, there exists s; € M; such that | —7—* (sz) Imi — 0| <3 i | amaes | T+
i0Mm;

29T see this inequality, recall Gelfand’s formula, which characterizes the spectral radius of a matrix A such that
p(A) = limg_, o ||A*[|1/*. One can check using Gelfand’s formula that if a non-negative matrix A is element-wise
dominated by a non-negative matrix B, that is if A;; < By; for all 4,7, then p(A) < p(B), which implies the
inequality above.
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e. Recall that the second order derivative is constant and the same as in the canonical direct

mechanism, therefore, for all ; and m; € Rf’l (6:),

02U + €
|m1_91| < Z]7é1|2zj Z| )
105Ul
Thus in this first round of iterative eliminations, with notation A; := |SE?|+ [¢,0] C for all §; the

rationalizable messages are

RE“1(60;) = [6: = [A11],] N [0, 1]

(2

In the second round of iterative eliminations, for any m; € Rf’z (0;), there exists p € CaBi N
R?’l (0;) such that m; € BRy, (). For the Taylor-expansion of dEUy /Om; at 6; around m;

M M 2 "

) dEUY dEUL EU} . .
there exists s; € M; such that L (0:) = —gt (Mi) + —z* (s4) (03 —m;) . Since m; is best

om;
8?EU" OEUH
i (5) e (8

Further bounding this by adding and subtracting L; (6_;), applying Leibniz’s rule and the triangle
dEUL )
D (0:)| < f@,ixM,i Z#i |8ijU¢} |6; — m;| dp + €. Therefore, for all 6;

16; —m;| <

reply to g and EU(Z (m;) is strictly concave, we have that

inequality, we get that

and m; € RZ—B’2 (6;)

‘32UZ| |82lUj| +e €
0; —my| < - J +
0=l <2 e |2 TR ol | T e

Thus in this second round of iterative eliminations, with notation As := |SE?|?+][e, 0] |[SE?|C +
[€,0] C for all §; the rationalizable messages are
R4 (0) = 0% [421)] 0 [0, 1
By induction, at the k' round, with notation Ay, := |SE|*+[e, 0] |SE*~1C+.. .+[e, 0] |SE!|C+
[e,0]C = |[SE'F+[e,0] (I — |SE!|*) (I — ISE!|)~" C (the latter equality assuming that p (|SE!|) <
1. ) for all 6; the rationalizable messages are
REE (0) = [0 % [441],] 0 [0,1]

Taking limits as k — oo, we have that for all 7 and 6;, the rationalizable messages for all §; are

RE"< (0;) = [oi + [([5,0} (1—|sE")" C) 1“ n[o,1]

|
Proof of Proposition
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For the loading transfers t!, the inverse of I — |SE!| is as follows:

1 =&l
—|&| 1
-1
I-1SEN " =| ~lal 0 1
: 0 .0
L _|€m| 0 0 i
1 & 0 |
(ST 0
- &l &8s 1 —[6ée
1 — &6 . : .
0 . 0
L ‘§7n| |€1§m| 0 1- |£1€2| 4
For the equal-externality transfers ¢, the inverse of I — |SE¢|, under symmetric aggregators,
is
T _lel el N
T (n=1) (n—1) (n—1)
€] 1 __l&l __lél
(n—1) (n—1) T (n—1)
ey—1 _ € ¢
I-18EN = |~y —moy 1
: : __ 4l __ €l
: (n—1) (n—1)
__l¢l __ ¢l __lgl 1
L (n—1) (n—1) (n—1) |
n—2)|& €]
o (|5|l_)1‘ | %zm i
3 1 a1 1-== - a1
(1rdh)a-wn | -
el ler q (n—2)|€|
n—1 e n—1 n—1

Applying Lemma [7]to these inverses, one can notice that for the loading transfers, for all k > 1,

i 1+ |§‘ 1
n (e, k
ER=1"e = 1g"
and for the equal-exgternality transfers,
1—2220¢] + 2= |€| 1— 2okt g]

(e (- ST (U Y

Comparing
1 — e

el (1+%)( e

is equivalent to comparing

i n—k—1

1+ ———tol— —[¢|,
n—1 n
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from which we get that for all 1 < k < n and for all ¢ > 0, 5" (¢, k) < nt' (e,k), in other words,
the equal-externality transfers are less sensitive to mistakes in play. W
Proof of Theorem See the proof of Step 3 in the Proof of Theorem |2 W

References

AcHION, P., D. FUDENBERG, R. HOLDEN, T. KuNniMOTO, O. TERCIEUX, Subgame-perfect Im-

plementation under Information Perturbations, The Quarterly Journal of Economics, 127(4),
1843-1881, 2012.

ArRrROW, K. J., The Property Rights Doctrine and Demand Revelation under Incomplete Informa-

tion, in Economics and Human Welfare, 23-39. Academic Press, 1979

ArTEMOV, G., T. KUNIMOTO AND R. SERRANO, Robust Virtual Implementation with Incomplete

Information: Towards a Reinterpretation of the Wilson Doctrine, Journal of Economic Theory,
148(2): 424-447, 2013.

ATHEY, S. AND P. HAILE, Nonparametric Approaches to Auctions, Chapter 60 in Handbook of

Econometrics, vol. 6A, Elsevier, 2007.

BATTIGALLI, P. AND M. SINISCALCHI, Rationalization and Incomplete Information, Advances in
Theoretical Economics, 3(1), 2003.

BERGEMANN, D. AND S. MORRIS, Robust Mechanism Design, Econometrica, 73(6), 1771-1813,
2005.

BERGEMANN, D. AND S. MORRIS, Robust Implementation in Direct Mechanisms, Review of Eco-
nomic Studies, 76, 1175-1204, 2009.

BERGEMANN, D. AND S. MORRIS, Robust Virtual Implementation, Theoretical Economics, 4(1),
2009

BERGEMANN, D. AND S. MORRIS, Robust Implementation in General Mechanisms, Games and
Economic Behavior, 71(2): 261-281, 2011

BORGERS, T. AND D. SMITH, Robust Mechanism Design and Dominant Strategy Voting Rules,
Theoretical Economics 9, 339-360, 2014.

CARLSSON, H. AND E. VAN DAMME, Global Games and Equilibrium Selection, Econometrica,
989-1018, 1993.

CARROLL, G., Robustness and Linear Contracts, American Economic Review 105, 536-563, 2015.

DASGUPTA, P. AND E. MASKIN, Efficient Auctions, The Quarterly Journal of Economics 115(2),
341-388, 2000.

D’ASPREMONT, C., J. CREMER AND L-A. GERARD-VARET, Incentives and Incomplete Informa-
tion, Journal of Public Economics 11:25-45, 1979.

42



DEB, R. AND M. M. Pa1, Discrimination via Symmetric Auctions, Journal of American Economic
Journal: Microeconomics,275-314, 2017.

DE CLIPPEL, G., R. SARAN AND R. SERRANO, Level-k Mechanism Design, Review of Economic
Studies 86(3) , 1207-1227, 2018.

CREMER, J. AND R.P. MCLEAN, Full extraction of the surplus in Bayesian and dominant strategy
auctions, Econometrica, 1247-1257, 1988.

Eriaz, K., Fault Tolerant Implementation, The Review of Economic Studies 69(3), 589-610, 2002.

GREEN, J., AND JJ. LAFFONT, Characterization of Satisfactory Mechanisms for the Revelation
of Preferences for Public Goods, Econometrica, 427-438, 1977.

Heavry, P. J., AND L. MATHEVET, Designing Stable Mechanisms for Economic Environments,
Theoretical Economics 7(3), 609-661, 2012.

HenDRICKS, K., J. PINKSE AND R. PORTER, Empirical Implications of Equilibrium Bidding in
First-Price, Symmetric, Common Value Auctions, Review of Economic Studies, 70, 115-145,
2003.

JACKSON, M. O., Implementation in Undominated Strategies: A Look at Bounded Mechanisms,
Review of Economic Studies, 59(4), 75775, 1992.

JEHIEL, P., L. LaMY, A Mechanism Design Approach to the Tiebout Hypothesis, Journal of
Political Economy, Forthcoming, 2017.

Kauji, A., S. MoORRIS, The Robustness of FEquilibria to Incomplete Information, Econometrica,
283-1309, 1997.

KNEELAND, T., Mechanism Design with Level-k Types: Theory and an Application to Bilateral
Trade, Working Paper, 2018.

LArroNT, J-J. AND E. MASKIN, A Differential Approach to Dominant Strateqy Mechanisms,
Econometrica, 1507-1520, 1980.

Levy, G. AND R. RAZzIN, Correlation Neglect, Voting Behavior, and Information Aggregation,
American Economic Review, 105, 4, 1634-45, 2015.

L1, Y., Approzimation in Mechanism Design with Interdependent Values, Games and Economic
Behavior, 103, 225-253, 2017.

LipNOWSKI, E. AND E. SADLER, Peer—Confirming Equilibrium, Econometrica 87(2), 567-591,
2019.

Guo, H. AND N. C. YANNELIS, Robust Strong Nash Implementation, mimeo, University of lowa,
2017.

LopomMmo, G., L. RicoTTI, AND C. SHANNON, Uncertainty in mechanism design, Working Paper,
University of Pittsburgh, 2011.

43



MaskIN, E., Nash Equilibrium and Welfare Optimality, The Review of Economic Studies, 66(1),
23-38, 1999.

MATHEVET, L., Supermodular Mechanism Design, Theoretical Economics 5(3), 403—443, 2010.

MATHEVET, L. AND I. TANEVA, Finite Supermodular Design with Interdependent Valuations,
Games and Economic Behavior 82, 327-349, 2013.

MiLGrOM, P.R.; Putting auction theory to work, Cambridge University Press. Vancouver, 2004.
MOORE, J. AND R. REPULLO, Subgame Perfect Implementation, Econometrica, 1191-1220, 1988.

MORRIS, S. AND H. S. SHIN, Global Games: Theory and Applications, Advances in Economics
and Econometrics (56), 2003.

MORRIS, S. AND H. S. SHIN, Unique Equilibrium in a Model of Self-fulfilling Currency Attacks,
American Economic Review, 587-597, 1998.

MULLER, C., Robust Implementation in Weakly Perfect Bayesian Strategies, mimeo, 2018.

MULLER, C., Robust Virtual Implementation under Common Strong Belief in Rationality, Journal
of Economic Theory (162), 407-450, 2016.

MYERSON, R.B., Optimal auction design, Mathematics of operations research, 6(1), 58-73, 1981.
OLLAR, M., Shared Information Sources in Exchanges, Working Paper, 2017.

OLLAR, M. AND A. PENTA, Full Implementation and Belief Restrictions, American Economic
Review, August, 2017.

PENTA, A., Higher Order Uncertainty and Information: Static and Dynamic Games, Econometrica
80(2), 631-660, 2012.

PENTA, A., On the Structure of Rationalizability for Arbitrary Spaces of Uncertainty, Theoretical
Economics 8(2), 405-430, 2013.

PENTA, A., Robust Dynamic Mechanism Design, Journal of Economic Theory 160, 280-316, 2015.
PENTA, A., P. ZUAZO-GARIN, Rationalizability and Observability, Working Paper, 2017.

RUBINSTEIN, A., The Electronic Mail Game: Strategic Behavior Under "Almost Common Knowl-
edge", The American Economic Review, 385-391, 1989.

SEGAL, 1., Optimal Pricing Mechanisms with Unknown Demand, The American Economic Review
93 (3), 509-529, 2003.

WEINSTEIN, J., M. YILD1Z, A Structure Theorem for Rationalizability with Application to Robust
Predictions of Refinements, Econometrica 75(2), 365-400, 2007.

WEINSTEIN, J., M. YiLDI1z, Impact of Higher-order Uncertainty, Games and Economic Behavior
60 (1), 200-212, 2007.

44



WEINSTEIN, J., M. YILDIZ, Sensitivity of Equilibrium Behavior to Higher-order Beliefs in Nice
Games, Games and Economic Behavior 72(1), 288-300, 2011.

WEINSTEIN, J., M. YILDIZ, Reputation without Commitment in Finitely Repeated Games, Theo-
retical Economics 11(1), 157-185, 2016.

WILSON, R., Game-Theoretic Analysis of Trading Processes, Advances in Economic Theory, ed.
by Bewley, Cambridge University Press, 1987.

Woritzky, A., Mechanism Design with Mazmin Agents: Theory and an Application to Bilateral
Trade, Theoretical Economics 11(3), 971-1004, 2016.

YAMASHITA, T., Implementation in Weakly Undominated Strategies: Optimality of Second-Price
Auction and Posted-Price Mechanism, Review of Economic Studies 82, 1223-1246, 2015.

45



	Introduction
	Model
	Leading Examples and Preview of Results

	Partial Implementation and Moment Conditions
	Partial Implementation: Characterization
	Incentive Compatible Transfers via Moment Conditions

	Full Implementation
	Redistribution of Strategic Externalities
	Full Implementation via Transfers: Characterization
	Beyond SC-PC Environments

	Further Design Strategies for Full Implementation
	Beyond Loading: Even Redistribution of Externalities
	Environments with Symmetric Aggregators

	Sensitivity Results
	Slightly Faulty Players and Preference Misspecification
	Lower Orders of Rationality and Robust Level-k Implementation


